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We study relaxation dynamics in a strongly-interacting two-site Fermi-Hubbard model that is in-
duced by fermionic baths. To derive the proper form of the Lindblad operators that enter an effective
description of the system-bath coupling in different temperature regimes, we employ a diagrammatic
real-time technique for the reduced density matrix. An improvement on the commonly-used secu-
lar approximation, referred to as coherent approximation, is presented. We analyze the spectrum
of relaxation rates and identify different time scales that are involved in the equilibration of the
Hubbard dimer after a quantum quench.
I. INTRODUCTION
The description of non-equilibrium dynamics of
strongly interacting many-body systems is a challeng-
ing task. This is already true for closed quantum sys-
tems that undergo a unitary time evolution1–26. It is
even more true for the more realistic scenario of a quan-
tum system coupled to an environment27–29. The type of
coupling, e.g., whether it allows for exchange of energy
and/or spin and/or particles, does not only modify the
internal quantum dynamics of the system, in many cases
it will even dominate the system’s behavior.
Dynamics of open quantum systems coupled to Marko-
vian baths are generically described by master equations
in Lindblad form30–34. A common approach is to in-
corporate the effects of the coupling to the environment
in the so-called Lindblad operators on phenomenological
grounds35. They are introduced ad-hoc, based on physi-
cal intuition. This may work well in some situations but
may encounter ambiguities in other cases, in particular
for interacting many-body systems.
To obtain a microscopic description of the coupling to
the environment one can introduce external baths and
their coupling to the system on the Hamiltonian level.
Integrating out the baths yields an effective description
of the system’s degrees of freedoms in terms of a reduced
density matrix. As an advantage, the microscopic ap-
proach does not involve any guessing. The disadvantage,
on the other hand, lies in the increasing complexity of
the calculations with increasing size of the many-body
quantum system.
The described dichotomy of phenomenological and mi-
croscopic approaches asks for trying to combine the best
of the two worlds. As a first step along such an endeavor,
we analyze, in the present paper, the Fermi-Hubbard
model where each site is coupled separately to its own
thermal fermionic bath. For a small model system with
only a few interacting degrees of freedom a full micro-
scopic treatment is feasible. To be specific, we choose as
a system a Hubbard dimer36 and assume that each of the
two sites is weakly coupled to a thermal fermionic bath,
i.e., electrons can enter from or leave to the bath.
The first goal of the paper is to intertwine two dif-
ferent theoretical approaches to study non-equilibrium
dynamics in the Fermi-Hubbard model coupled to ther-
mal baths: On the one hand, in Sec. II, we use a phe-
nomenological method where for the limiting cases of cold
T → 0 and hot T → ∞ baths the Lindblad operators
are deduced from physical intuition. On the other hand,
in Sec. III, we formulate the kinetic equations of the
system within a real-time technique in where relaxation
processes are represented in terms of diagrams. Then,
in Sec. IV, we make a connection between the Lindblad
operators and the diagrams in the Markovian limit for
the leading order perturbation theory in the system-bath
coupling. To overcome the problem of non-positivity, we
introduce an alternative (referred to as coherent approx-
imation) to the commonly-used secular approximation.
To illustrate our findings, we study, in Sec. VI, a model
system that can be treated fully analytically, namely a
Hubbard dimer coupled to fermionic baths. Differences
between the coherent and the secular approximation are
most pronounced in the limit of hot baths. In the case
of low-temperature baths, we observe three characteristic
decay time scales. The emergence of different timescales
has also been observed in various other systems due to
relaxation or thermalization processes37–44. Here, one of
the three time scales is associated with an intricate decay
mechanism that emerges due to an interplay of coherent
evolution and bath-induced relaxation. As an interesting
feature, we find that the decay of an initially-prepared
singlet-spin state is algebraically suppressed by Coulomb
interaction and, therefore, very slow.
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2II. LINDBLAD MASTER EQUATION
The Fermi–Hubbard model is described by the
Hamiltonian45
HS = −J
∑
〈m,m′〉,σ
c†m,σcm′,σ+U
∑
m
nm,↓nm,↑+ε
∑
m,σ
nm,σ,
(1)
with c†m,σ, cm,σ and nm,σ being the creation, annihila-
tion and occupation-number operators for an electron
with spin σ at site m, respectively. The first term de-
scribes tunneling between nearest neighbors 〈m,m′〉 with
amplitude J , the second term the on-site Coulomb in-
teraction of strength U , and ε is the single-electron en-
ergy. To study relaxation dynamics, we couple the sys-
tem to external baths and describe the system by the
density matrix ρ(t). In a generic form, the time evo-
lution is expressed as ρ(t) = Π(t, t0)ρ(t0) with Π(t, t0)
being a dynamical map propagating the reduced density
matrix forward in time. By imposing Markovian dynam-
ics in form of a semigroup assumption for the propaga-
tor, Π(t, t′)Π(t′, t0) = Π(t, t0) with t0 < t′ < t, it can
be shown that the dynamics of ρ(t) are described by a
Lindblad equation30,31 ρ˙ = Lρ of the form
ρ˙ = − i
~
[H˜S, ρ] +
N2−1∑
µ,ν=1
γµν
(
Eµ ρE
†
ν −
1
2{E
†
ν Eµ, ρ}
)
,
(2)
where the solution can formally be given as Π(t, t0) =
eL(t−t0). The generator L of the semigroup is called Li-
ouville superoperator or simply Liouvillian. In Eq. (2),
Eµ with µ = 1, .., N2−1 span a basis for the operators
defined in the system’s Hilbert space of dimension N .
We choose EN2 ∝ 1 (which has no effect for the time
evolution), leaving N2 − 1 independent operators Eµ.
The N2 − 1-dimensional matrix γµν describing the cou-
pling to the baths is hermitian and positive semidefinite.
Then, per construction, the Lindblad equation preserves
the trace trρ(t) = 1, hermiticity ρ(t)† = ρ(t) and pos-
itivity ρ(t) ≥ 0, all properties which are essential for a
physical interpretation of the density matrix ρ(t). Note
that, in general, we have H˜S 6= HS, i.e. a modified co-
herent evolution due to renormalization effects induced
by the baths. Using that γµν = γ∗νµ is hermitian, we
diagonalize the Lindblad equation arriving at
ρ˙ = −i [H˜S, ρ] +
N2−1∑
k=1
γk
(
Lk ρL
†
k −
1
2{L
†
k Lk, ρ}
)
, (3)
with (from now on) natural units ~ = 1. In Eq. (3), Lk
with k = 1, ..., N2−1 are referred to as Lindblad opera-
tors describing the interaction with the environment (e.g.
gain and loss terms). This diagonal Lindblad form will
be the starting point of our phenomenological description
of the Hubbard system coupled to thermal baths. Here,
without knowing the microscopic details of the environ-
ment, we incorporate the Lindblad operators Lk and the
coupling parameters γk ≥ 0 solely from the system’s per-
spective in such a way that they model the desired effects.
In this paper, we assume that every site m is coupled
individually to its own bath (one site is shown in Fig.
1). The baths are assumed to be identical, i.e., they have
the same temperature T and the same Fermi energy εF.
For each site, the Hilbert-space dimension is N = 4 and,
therefore, the local Lindblad operators are constructed
from 16 linear independent operators. Half of them,
namely {1, cσcσ¯, c†σc†σ¯, c†σcσ¯, nσ, n↑n↓}m, where σ¯ denotes
the opposite spin to σ, contain an even number of Fermi
operators. The other half, {cσ, c†σ, cσnσ¯, c†σnσ¯}m, con-
tains an odd number of Fermi operators. The Lindblad
operators constructed from the second class change the
Fermion parity number Pm = (−1)nm with the local oc-
cupation number nm =
∑
σ nm,σ on site m. Therefore,
we refer to a bath described by these Lindblad operators
as a fermionic bath. In contrast, the Lindblad operators
of the first class leave the Fermion parity number un-
changed, describing a bosonic bath. (Note that the terms
bosonic and fermionic do not necessarily refer to the ac-
tual nature of the particles involved in the physical bath.)
In general, both types of baths can exchange charge, spin
and energy with the system and thus relaxation and de-
coherence dynamics can be studied. In Ref. 35, bosonic
baths with the Lindblad operators nm,σ have been con-
sidered. Here, we investigate fermionic baths only. Con-
sidering separate channels where single electrons of spin
σ (↑ or ↓) enter (α = +) or leave (α = −) the site m,
we are left with at maximum two independent Lindblad
operators (Lαm,σ)k with k = 1, 2 constructed from op-
erators of the fermionic type cαm,σ and cαm,σnm,σ¯, where
c+m,σ ≡ c†m,σ and c−m,σ ≡ cm,σ. Moreover, we assume
(γαm,σ)k = (γα)k meaning that the coupling is identical
at every site and symmetric with respect to spin.
In simple cases, the explicit form of the Lindblad oper-
ators can be deduced using physical intuition. In the fol-
lowing we will discuss two such examples of cold (T → 0)
and hot (T → ∞) baths before comparing it to a in–
depth microscopic analysis.
A. Hot baths
We assume each site m is coupled independently to a
(separate) hot fermionic bath (cf. red line in Fig. 1).
Only single-electron excitations of the form |σ〉 ↔ |0〉
and |↑↓〉 ↔ |σ〉 with excitation energies ε and ε + U are
considered. In the limit T →∞, each bath is assumed to
have free and occupied states available at every energy so
that the details of the system’s energy spectrum as well
as the occupation become dispensable. This motivates
to choose the Lindblad operators Lαm,σ for adding or re-
moving an electron with spin σ to be independent of the
number nm,σ¯ of electrons with opposite spin. This yields
L+m,σ = c†m,σ, L−m,σ = cm,σ, (4)
3Figure 1: Single site coupled to a hot (red), cold (blue) and finite-
temperature (gray) bath. Electron-electron interaction U gives rise
to two excitation energies ε and ε+ U .
with couplings γ+hot and γ
−
hot for injecting or removing a
particle, respectively. Notice that the choice of only one
of two possible Lindblad operators for each m,σ and α
is sufficient and therefore we have dropped the index k
here.
B. Cold baths
In the opposite limit, each site m is coupled to a cold
fermionic bath, formally at zero temperature. The states
in each bath are fully occupied up to the Fermi energy
εF and hence Pauli–blocked. Above εF the states are
empty (cf. blue line in Fig. 1). The choice ε < εF <
ε + U introduces a natural filter for the effective cou-
plings between the site and the bath: for empty sites
|0〉 electrons can only enter (transferred energy ε < εF),
for doubly occupied sites |↑↓〉 the electrons can only
leave (transferred energy ε + U > εF) while for singly-
occupied sites no electron transfer is possible as both
channels are blocked. Therefore, we postulate the fol-
lowing occupation-dependent Lindblad operators
L+m,σ = c†m,σ (1− nm,σ¯), L−m,σ = cm,σ nm,σ¯, (5)
which inject an electron with rate γ+cold if the site is empty
and remove it with rate γ−cold if it is doubly occupied,
respectively. Again, as we deal with only one Lindblad
operator per m,σ and α, we drop the index k.
C. Finite-temperature baths
At finite temperature T (cf. gray line in Fig. 1), the
relaxation channels are neither treated all equally (as for
T → ∞) nor are they fully blocked in one direction (as
for T → 0). One possible ansatz for a finite-temperature
bath is to interpolate between the hot and cold cases to
get a single Lindblad operator
L+m,σ = g+(T )c†m,σ (1− nm,σ¯) + h+(T )c†m,σ ,
L−m,σ = g−(T )cm,σ nm,σ¯ + h−(T )cm,σ , (6)
with temperature- (and energy-) dependent functions
gα(T ) and hα(T ), such that gα(T → ∞) = 0 and
hα(T → 0) = 0. However, in the case of finite temper-
atures, it is less intuitive to anticipate the proper form
of the Lindblad operators as well as to decide whether
one or two Lindblad operators per m, σ and α should be
used. In the next section, we will find the right choice by
starting from a microscopic description of the baths.
III. REAL-TIME DIAGRAMMATICS
In this part, we give a brief introduction to the real-
time diagrammatic approach46,47, with the goal to give
the so-far phenomenological discussion a microscopic
foundation. Moreover, we want to find the Lindblad
operators also for the finite-temperature case. We will
proceed in the following way: We start from a fully-
microscopic description of system and environment, and
then employ the real-time diagrammatic technique to ar-
rive at a formally exact kinetic master equation for the
reduced density matrix of the system by tracing out the
environment. The diagrammatic representation is, then,
an ideal starting point for a systematic perturbation ex-
pansion in the system-bath coupling.
Since we consider local baths (i.e. each site m is cou-
pled to a separate environment), it is sufficient to formu-
late this methodical part for a single-site Hubbard Hamil-
tonian coupled to an electronic reservoir. An experi-
mental realization would be one single-level quantum dot
tunnel-coupled to one electronic lead. The total Hamil-
tonian
Htot = HS +HB +HC (7)
consists of three parts, with S, B and C denoting the
system, the bath and the coupling, respectively. The
system HS is a single-site of the Hubbard Hamiltonian
(cf. Eq. (1))
HS =
∑
σ
ε c†σcσ + Uc
†
↑c↑c
†
↓c↓ , (8)
where c†σ and cσ are creation and annihilation operators
for system electrons with spin σ. The eigenvectors and
eigenenergies will be denoted by |χ〉 and Eχ, respectively.
The environment HB, on the other hand, is assumed to
be a noninteracting electronic lead
HB =
∑
k,σ
εk,σa
†
k,σak,σ , (9)
where a†k,σ and ak,σ are creation and annihilation oper-
ators for lead electrons with orbital and spin degrees of
4freedom k and σ. Here, εk,σ is the single-particle energy.
At last, the tunnel coupling between the system and the
environment is described by
HC =
∑
k,σ
tk,σc
†
σak,σ + h.c. , (10)
where tk,σ is the tunneling amplitude for an electron en-
tering or leaving the system. This coupling Hamiltonian
HC will later be treated as a perturbation and it will turn
out that only even powers H2mC , with m being a nonneg-
ative integer, will contribute. In contrast to the Lindblad
approach, we have now a full microscopic knowledge of
the environment and the coupling with it.
To determine the time evolution of the reduced density
matrix ρχ1χ2(t), we have to calculate the expectation val-
ues of the dyads |χ2〉〈χ1|. We change to the interaction
picture with respect to HC,
ρχ1χ2(t) = tr
{
TK
[
e
−i
∫
K dt
′HC,I(t′) |χ2〉〈χ1|I (t)
]
ρtot0
}
,
(11)
and, then, formally expand in the coupling,
ρχ1χ2(t) =
∞∑
m=0
∫
K
dt1
∫
K
dt2...
∫
K
dtm︸ ︷︷ ︸
t1<t2<...<tm
(−i)m×
tr
{
TK [HC,I(t1)HC,I(t2)...HC,I(tm) |χ2〉〈χ1|I (t)] ρtot0
}
,
(12)
where the integrals are evaluated along the Keldysh con-
tour K, i.e. it runs first forwards in time from t0 to t and
then backwards from t to t0. The Keldysh time-ordering
operator TK orders operators such that earlier times
(with respect to the Keldysh contour) appear further
to the right. The index I indicates the interaction pic-
ture AI(t) = ei(HS+HB)(t−t0)A(t)e−i(HS+HB)(t−t0). More-
over, we assume that at time t0 the system and the
bath are in a product state ρtot0 = ρ0 ⊗ ρB0 , whereas
the bath is assumed to be in a thermal Gibbs state
ρB0 = e−β(HB−µ0N)/Z with inverse temperature β =
(kBT )−1, chemical potential µ0 = εF and partition sum
Z = tr e−β(HB−µ0N). Note that the factor 1/m! from
the Taylor expansion cancels with the m! possible per-
mutations of t1, t2, . . . , tm. Performing the partial trace
over the bath and making use of the fact that HB is bi-
linear in the creation and annihilation operators, we can
apply Wick’s theorem to contract the lead electron oper-
ators of HC,I(tk) with k = 1, . . . ,m pairwise in all possi-
ble ways and replace them by bath equilibrium distribu-
tions
〈
a†k,σak,σ
〉
= f+(εk,σ) and
〈
ak,σa
†
k,σ
〉
= f−(εk,σ),
where we use the notation f+ ≡ f and f− ≡ 1 − f with
f(ω) = [eβ(ω−εF)+1]−1 being the Fermi-Dirac distribu-
tion. After employing Wick’s theorem we can visualize
the Eq. (12) in the following way
ρχ1χ2(t) =
∑
χ′1,χ
′
2
∞∑
m=0
∑
all
contractions
∫
K
dt1
∫
K
dt2...
∫
K
dt2m︸ ︷︷ ︸
t1<t2<...<t2m
+
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 k
<latexit sha1_base64="NFgIMm5eFVTbv/n4unaO1MmSrgU=">AAACC3icbZDNSsNAFIVv6l+tf1GXbgaL4KoktaDLghuXFewPtKFMppNm7GQSZiZCCH0Ewa2+hjtx60P4Fj6C0zYL23ph4OOce+HM8RPOlHacb6u0sbm1vVP ereztHxwe2ccnHRWnktA2iXksez5WlDNB25ppTnuJpDjyOe36k9uZ332iUrFYPOgsoV6Ex4IFjGBtpM6AhGw4GdpVp+bMB62DW0AVimkN7Z/BKCZpRIUmHCvVd51EezmWmhFOp5VBqmiCyQSPad+gwBFVXj5PO0UXRhmhIJbmCY3m6t+LHEdKZZFvNiOsQ7XqzcR/vSTMFCPKeAUt59DBjZczkaSaCrKIEaQc6RjNikEjJinRPDOAiWTmJ4iEWGKiTX0VU5G7Wsg6dOo196pWv29Um42irDKcwTlcggvX0IQ7aEEbCDzCC7zCm/VsvVsf1uditWQVN6ewNNbXLxS Im3w=</latexit>
X
 k
<latexit sha1_base64="IC9ga3Fnxw1mvrIqsWeABqlYUqk=">AAACCXicbVDLSsNAFL3xWeur6tJNsAiuSlIFXRbduKxgH9CEMJlOmq EzkzgzEULoF/gBbvUT3Ilbv8Iv8Dectllo64ELh3Pu5d57wpRRpR3ny1pZXVvf2KxsVbd3dvf2aweHXZVkEpMOTlgi+yFShFFBOppqRvqpJIiHjPTC8c3U7z0SqWgi7nWeEp+jkaARxUgbyfdUxoPCwzENxpOgVncazgz2MnFLUocS7aD27Q0TnHEiNGZIqYHrpNovkNQUMzKpepkiK cJjNCIDQwXiRPnF7OiJfWqUoR0l0pTQ9kz9PVEgrlTOQ9PJkY7VojcV//XSOFcUq4X1OrryCyrSTBOB59ujjNk6saex2EMqCdYsNwRhSc0DNo6RRFib8KomGXcxh2XSbTbc80bz7qLeui4zqsAxnMAZuHAJLbiFNnQAwwM8wwu8Wk/Wm/VufcxbV6xy5gj+wPr8AZ+Zm1o=</latexi t>
X
 k
<latexit sha1_base64="IC9ga3Fnxw1mvrIqsWeABqlYUqk=">AAACCXicbVDLSsNAFL3xWeur6tJNsAiuSlIFXRbduKxgH9CEMJlOmq EzkzgzEULoF/gBbvUT3Ilbv8Iv8Dectllo64ELh3Pu5d57wpRRpR3ny1pZXVvf2KxsVbd3dvf2aweHXZVkEpMOTlgi+yFShFFBOppqRvqpJIiHjPTC8c3U7z0SqWgi7nWeEp+jkaARxUgbyfdUxoPCwzENxpOgVncazgz2MnFLUocS7aD27Q0TnHEiNGZIqYHrpNovkNQUMzKpepkiK cJjNCIDQwXiRPnF7OiJfWqUoR0l0pTQ9kz9PVEgrlTOQ9PJkY7VojcV//XSOFcUq4X1OrryCyrSTBOB59ujjNk6saex2EMqCdYsNwRhSc0DNo6RRFib8KomGXcxh2XSbTbc80bz7qLeui4zqsAxnMAZuHAJLbiFNnQAwwM8wwu8Wk/Wm/VufcxbV6xy5gj+wPr8AZ+Zm1o=</latexi t>
t
<latexit sha1_base64="Ua05HVn/ysu6XD47wzk5end7pvE=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoN4 CXjwmYB6QLGF2MpsMmZ1dZnqFJQQ/wKt+gjfx6rf4Bf6Gk2QPmljQUFR1090VJFIYdN0vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px3cxvP3JtRKweMEu4H9GhEqFgFK3UwH654lbdOcgq8XJSgRz1fvm7 N4hZGnGFTFJjup6boD+hGgWTfFrqpYYnlI3pkHctVTTixp/MD52SM6sMSBhrWwrJXP09MaGRMVkU2M6I4sgsezPxXy8ZZUYws7Qewxt/IlSSIldssT1MJcGYzKIgA6E5Q5lZQpkW9gHCRlRThjawkk3GW85hlbQuqt5l1W1cVWq3eUZFOIFTO AcPrqEG91CHJjDg8Awv8Oo8OW/Ou/OxaC04+cwx/IHz+QPfJJXp</latexit>
t0
<latexit sha1_base64="QHrPaenmwvyladcUFNbEaCJUsZs=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoN4CXjxGNA9IljA7mU2GzM4uM73CEnLwA7zqJ3gTr36KX+BvOEn2oIkFDUVVN91dQSKFQdf9cgorq2vrG8XN0tb2zu5ee f+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAbOE+xEdKBEKRtFK99hze+WKW3VnIMvEy0kFctR75e9uP2ZpxBUySY3peG6C/phqFEzySambGp5QNqID3rFU0Ygbfzw7dUJOrNInYaxtKSQz9ffEmEbGZFFgOyOKQ7PoTcV/vWSYGcHMwnoMr/yxUEmKXLH59jCVBGMyDYP0heYMZWYJZVrYBwgbUk0Z2shKNhlvMYdl0jyreudV9+6iUrvOMyrCERzDKXhwCTW4hTo0gMEAnuEFXp0n5815dz7mrQUnnzmEP3A+fwAO9JaM</latexit>
[
<latexit sha1_base64="Nz y0/C6IlFsYvud/ex+x0pfdFN4=">AAACA3icbZDLSgMxFIbP 1Futt6pLN8EiuCozVdBl0Y3LCvYC7VAyaaYNzWSG5IwwlC59 ALf6CO7ErQ/iE/gapu0stPVA4Of/z8lJviCRwqDrfjmFtfW Nza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtM okLwdjG9nefuRayNi9YBZwv2IDpUIBaNorXZPBpqycb9ccav uvMiq8HJRgbwa/fJ3bxCzNOIKmaTGdD03QX9CNQom+bTUSw 1P7MV0yLtWKhpx40/mz52SM+sMSBhrexSSuft7YkIjY7IosJ 0RxZFZzmbmv1kyyoxgZmk9htf+RKgkRa7YYnuYSoIxmQEhA6 E5Q5lZQZkW9gOEjailghZbyZLxljmsilat6l1Ua/eXlfpNz qgIJ3AK5+DBFdThDhrQBAZjeIYXeHWenDfn3flYtBacfOYY/ pTz+QOGApiH</latexit>
]
<latexit sha1_base64="112+12iRk2iWRbvsWbXJhvw+Wg 8=">AAACA3icbZDLSgMxFIbP1Futt6pLN8EiuCozVdBl0Y3LCvYC7VAyaaYNzWSG5IwwlC59ALf6CO7ErQ/iE/gapu0stPVA 4Of/z8lJviCRwqDrfjmFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nefuRayNi9YBZwv2 IDpUIBaNorXZPB5qycb9ccavuvMiq8HJRgbwa/fJ3bxCzNOIKmaTGdD03QX9CNQom+bTUSw1P7MV0yLtWKhpx40/mz52SM+ sMSBhrexSSuft7YkIjY7IosJ0RxZFZzmbmv1kyyoxgZmk9htf+RKgkRa7YYnuYSoIxmQEhA6E5Q5lZQZkW9gOEjailghZbyZ Lxljmsilat6l1Ua/eXlfpNzqgIJ3AK5+DBFdThDhrQBAZjeIYXeHWenDfn3flYtBacfOYY/pTz+QOPtpiN</latexit>
t2
<latexit sha1_base64="JcON4lQFFxggeEc0/5VRQunsBcc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd0oqLe AF48RzQOSJcxOJsmQ2dllpldYlhz8AK/6Cd7Eq5/iF/gbTpI9aGJBQ1HVTXdXEEth0HW/nJXVtfWNzcJWcXtnd2+/dHDYNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWMb6Z+65FrIyL1gGnM/ZAOlRgIRtFK99ir9kplt+LOQJaJl5My5Kj3 St/dfsSSkCtkkhrT8dwY/YxqFEzySbGbGB5TNqZD3rFU0ZAbP5udOiGnVumTQaRtKSQz9fdERkNj0jCwnSHFkVn0puK/XjxKjWBmYT0OrvxMqDhBrth8+yCRBCMyDYP0heYMZWoJZVrYBwgbUU0Z2siKNhlvMYdl0qxWvPOKe3dRrl3nGRXgG E7gDDy4hBrcQh0awGAIz/ACr86T8+a8Ox/z1hUnnzmCP3A+fwASJpaO</latexit>
t1
<latexit sha1_base64="3IYu5zlklAm4P1LvhL+9fXGFTCY=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoN4CXjxGNA9IljA7mU2GzM4uM73CEnLwA7zqJ3gTr36KX+BvOEn2oIkFDUVVN91dQSKFQdf9cgorq2vrG8XN0tb2zu5ee f+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAbOE+xEdKBEKRtFK99jzeuWKW3VnIMvEy0kFctR75e9uP2ZpxBUySY3peG6C/phqFEzySambGp5QNqID3rFU0Ygbfzw7dUJOrNInYaxtKSQz9ffEmEbGZFFgOyOKQ7PoTcV/vWSYGcHMwnoMr/yxUEmKXLH59jCVBGMyDYP0heYMZWYJZVrYBwgbUk0Z2shKNhlvMYdl0jyreudV9+6iUrvOMyrCERzDKXhwCTW4hTo0gMEAnuEFXp0n5815dz7mrQUnnzmEP3A+fwAQjZaN</latexit>
...
<latexit sha1_base64="4GlEC+IPxWo2hkSD7+C0qIK/SJA=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgKiQqqLu CG5cV7QPaUCbTSTt0ZhJmJkIIXfgBbvUT3IlbP8Uv8Dectllo64ELh3Pu5d57woQzbTzvyymtrK6tb5Q3K1vbO7t71f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Gbqtx+p0iyWDyZLaCDwULKIEWysdO+6br9a81xvBrRM/ILUoECj X/3uDWKSCioN4Vjrru8lJsixMoxwOqn0Uk0TTMZ4SLuWSiyoDvLZqRN0YpUBimJlSxo0U39P5FhonYnQdgpsRnrRm4r/esko04zohfUmugpyJpPUUEnm26OUIxOjaRhowBQlhmeWYKKYfQCREVaYGBtZxSbjL+awTFpnrn/uencXtfp1kVEZj uAYTsGHS6jDLTSgCQSG8Awv8Oo8OW/Ou/Mxby05xcwh/IHz+QNM15YT</latexit>
...
<latexit sha1_base64="4GlEC+IPxWo2hkSD7+C0qIK/SJA=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgKiQqqLu CG5cV7QPaUCbTSTt0ZhJmJkIIXfgBbvUT3IlbP8Uv8Dectllo64ELh3Pu5d57woQzbTzvyymtrK6tb5Q3K1vbO7t71f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Gbqtx+p0iyWDyZLaCDwULKIEWysdO+6br9a81xvBrRM/ILUoECj X/3uDWKSCioN4Vjrru8lJsixMoxwOqn0Uk0TTMZ4SLuWSiyoDvLZqRN0YpUBimJlSxo0U39P5FhonYnQdgpsRnrRm4r/esko04zohfUmugpyJpPUUEnm26OUIxOjaRhowBQlhmeWYKKYfQCREVaYGBtZxSbjL+awTFpnrn/uencXtfp1kVEZj uAYTsGHS6jDLTSgCQSG8Awv8Oo8OW/Ou/Mxby05xcwh/IHz+QNM15YT</latexit>tk
<latexit sha1_base64="UDbY+d4z1H50EHDMbILG773NVwk=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoDcDXjxGNA9IljA7mU2GzM4 uM71CWHLwA7zqJ3gTr36KX+BvOEn2oIkFDUVVN91dQSKFQdf9cgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7rE36pUrbtWdgSwTLycVyFHvlb+7/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNIn YaxtKSQz9fdERiNjxlFgOyOKQ7PoTcV/vWQ4NoKZhfUYXvmZUEmKXLH59jCVBGMyDYP0heYM5dgSyrSwDxA2pJoytJGVbDLeYg7LpHlW9c6r7t1FpXadZ1SEIziGU/DgEmpwC3VoAIMBPMMLvDpPzpvz7nzMWwtOPnMIf+B8/gBvBZbN</latexit>
...
<latexit sha1_base64="4GlEC+IPxWo2hkSD7+C0qIK/SJA=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgKiQqqLu CG5cV7QPaUCbTSTt0ZhJmJkIIXfgBbvUT3IlbP8Uv8Dectllo64ELh3Pu5d57woQzbTzvyymtrK6tb5Q3K1vbO7t71f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Gbqtx+p0iyWDyZLaCDwULKIEWysdO+6br9a81xvBrRM/ILUoECj X/3uDWKSCioN4Vjrru8lJsixMoxwOqn0Uk0TTMZ4SLuWSiyoDvLZqRN0YpUBimJlSxo0U39P5FhonYnQdgpsRnrRm4r/esko04zohfUmugpyJpPUUEnm26OUIxOjaRhowBQlhmeWYKKYfQCREVaYGBtZxSbjL+awTFpnrn/uencXtfp1kVEZj uAYTsGHS6jDLTSgCQSG8Awv8Oo8OW/Ou/Mxby05xcwh/IHz+QNM15YT</latexit>
...
<latexit sha1_base64="4GlEC+IPxWo2hkSD7+C0qIK/SJA=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgKiQqqLu CG5cV7QPaUCbTSTt0ZhJmJkIIXfgBbvUT3IlbP8Uv8Dectllo64ELh3Pu5d57woQzbTzvyymtrK6tb5Q3K1vbO7t71f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Gbqtx+p0iyWDyZLaCDwULKIEWysdO+6br9a81xvBrRM/ILUoECj X/3uDWKSCioN4Vjrru8lJsixMoxwOqn0Uk0TTMZ4SLuWSiyoDvLZqRN0YpUBimJlSxo0U39P5FhonYnQdgpsRnrRm4r/esko04zohfUmugpyJpPUUEnm26OUIxOjaRhowBQlhmeWYKKYfQCREVaYGBtZxSbjL+awTFpnrn/uencXtfp1kVEZj uAYTsGHS6jDLTSgCQSG8Awv8Oo8OW/Ou/Mxby05xcwh/IHz+QNM15YT</latexit>tk+1
<latexit sha1_base64="B13VfqZxOCtL8y5VIaLQedSqLFE=">AAACDHicbZDNSsNAFIVv/K31r+rSTbAIglASFXRZdOOygv2BNpTJdNIOmUzCzI0QQl9BcKuv4U7c+g6+hY /gtM3Ctl4Y+DjnXjhz/ERwjY7zba2srq1vbJa2yts7u3v7lYPDlo5TRVmTxiJWHZ9oJrhkTeQoWCdRjES+YG0/vJv47SemNI/lI2YJ8yIylDzglKCR2tjPw3N33K9UnZozHXsZ3AKqUEyjX/npDWKaRkwiFUTrrusk6OVEIaeCjcu9VLOE0JAMWdegJBHTXj6NO7ZPjTKwg1iZJ9Geqn8vchJpnUW+2YwIjvSiNxH/9ZJRpjnVxitoPgcGN17OZZIik3QWI0iFjb E9acYecMUoiswAoYqbn9h0RBShaPorm4rcxUKWoXVRcy9rzsNVtX5blFWCYziBM3DhGupwDw1oAoUQXuAV3qxn6936sD5nqytWcXMEc2N9/QKbHJvK</latexit>
| 01i
<latexit sha1_base64="NqQBHlVXfyK3lb8kIgMPpbd5RKE=">AAACGnicbZDNSsNAFIUn9a/Wv2iXboJFcFWSKuiy6MZlBdsKTQyT6U0zdJIMMxMhhL6J4FZfw524deNb+AhO2yxs64WBj3PuhTMn4IxKZdvfRmVtfWNzq7pd29nd2z8wD496Ms0EgS5JWSoeAiyB0QS6iioGD1wAjgMG/WB8M/X7TyAkTZN7lXPwYjx KaEgJVlryzbo7BlW4JKK+8+hyQWOY+GbDbtqzsVbBKaGByun45o87TEkWQ6IIw1IOHJsrr8BCUcJgUnMzCRyTMR7BQGOCY5BeMQs/sU61MrTCVOiXKGum/r0ocCxlHgd6M8YqksveVPzX41EuKZHaK2kxhwqvvIImPFOQkHmMMGOWSq1pT9aQCiCK5RowEVT/xCIRFpgo3WZNV+QsF7IKvVbTOW+27i4a7euyrCo6RifoDDnoErXRLeqgLiIoRy/oFb0Zz8a78WF8zlcrRnlTRwtjfP0CNY2hcg==</latexit>
| 02i
<latexit sha1_base64="tIV2YGc5gnXSBxKYQb3p8ZJ5JCI=">AAACGnicbZDNSsNAFIUn9a/Wv2iXboJFcFWSKuiy6MZlBdsKTQyT6U0zdCYJMxMhhL6J4FZfw524deNb+AhO2yxs64WBj3PuhTMnSBmVyra/jcra+sbmVnW7trO7t39gHh71ZJIJAl2SsEQ8BFgCozF0FVUMHlIBmAcM+sH4Zur3n0BImsT3Kk/B43g U05ASrLTkm3V3DKpwSUT91qObCsph4psNu2nPxloFp4QGKqfjmz/uMCEZh1gRhqUcOHaqvAILRQmDSc3NJKSYjPEIBhpjzEF6xSz8xDrVytAKE6FfrKyZ+veiwFzKnAd6k2MVyWVvKv7rpVEuKZHaK2kxhwqvvILGaaYgJvMYYcYslVjTnqwhFUAUyzVgIqj+iUUiLDBRus2arshZLmQVeq2mc95s3V002tdlWVV0jE7QGXLQJWqjW9RBXURQjl7QK3ozno1348P4nK9WjPKmjhbG+PoFNzehcw==</latexit>
h 2|
<latexit sha1_base64="CaCTZyxamE85MYcoRmhMFX/XaQE=">AAACEXicbZDNSgMxFIXv+FvrX9Wlm2ARXJWZKuiy6MZlBfsDnaFk0kwbmsmEJC MMQ59CcKuv4U7c+gS+hY9g2s7Ctl4IfJxzL5ycUHKmjet+O2vrG5tb26Wd8u7e/sFh5ei4rZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSeqNEvEo8kkDWI8FCxiBBsr+X6ocO6TEevXJ/1K1a25s0Gr4BVQhWKa/cqPP0hIGlNhCMda9zxXmiDHyjDC6aTsp5pKTMZ4SHsWBY6pDvJZ5gk6t8oA RYmyTxg0U/9e5DjWOotDuxljM9LL3lT815OjTDOirVfQYg4T3QQ5EzI1VJB5jCjlyCRoWg8aMEWJ4ZkFTBSzP0FkhBUmxpZYthV5y4WsQrte8y5r9YerauO2KKsEp3AGF+DBNTTgHprQAgISXuAV3pxn5935cD7nq2tOcXMCC+N8/QLSUJ4W</latexit>
h 1|
<latexit sha1_base64="SKVcxqYHSDmk1mvCE8TrpNPYPMo=">AAACEXicbZDNSgMxFIXv+FvrX9Wlm2ARXJWZKuiy6MZlBfsDnaFk0kwbmsmEJC MMQ59CcKuv4U7c+gS+hY9g2s7Ctl4IfJxzL5ycUHKmjet+O2vrG5tb26Wd8u7e/sFh5ei4rZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSeqNEvEo8kkDWI8FCxiBBsr+X6ocO6TEet7k36l6tbc2aBV8AqoQjHNfuXHHyQkjakwhGOte54rTZBjZRjhdFL2U00lJmM8pD2LAsdUB/ks8wSdW2WA okTZJwyaqX8vchxrncWh3YyxGellbyr+68lRphnR1itoMYeJboKcCZkaKsg8RpRyZBI0rQcNmKLE8MwCJorZnyAywgoTY0ss24q85UJWoV2veZe1+sNVtXFblFWCUziDC/DgGhpwD01oAQEJL/AKb86z8+58OJ/z1TWnuDmBhXG+fgHQrZ4V</latexit>
t2m
<latexit sha1_base64="uQtP5PG42zW+X97fcK6XGKjI50M=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoPgKexGQ b0FvHiMYB6QLGF2MpuMmdldZnqFsOTmB3jVT/AmXv0Rv8DfcJLsQaMFDUVVN91dQSKFQdf9dAorq2vrG8XN0tb2zu5eef+gZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsYX8/89gPXRsTRHU4S7is6jEQoGEUrtbCf1dS0X664VXcO8 pd4OalAjka//NUbxCxVPEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsjqrjxs/m1U3JilQEJY20rQjJXf05kVBkzUYHtVBRHZtmbif96yWhiBDNL6zG89DMRJSnyiC22h6kkGJNZHmQgNGcoJ5ZQpoV9gLAR1ZShTa1kk/GWc/hLWrWqd1 at3Z5X6ld5RkU4gmM4BQ8uoA430IAmMLiHJ3iGF+fReXXenPdFa8HJZw7hF5yPb8D9mBM=</latexit>
[
<latexit sha1_base64="Nz y0/C6IlFsYvud/ex+x0pfdFN4=">AAACA3icbZDLSgMxFIbP 1Futt6pLN8EiuCozVdBl0Y3LCvYC7VAyaaYNzWSG5IwwlC59 ALf6CO7ErQ/iE/gapu0stPVA4Of/z8lJviCRwqDrfjmFtfW Nza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtM okLwdjG9nefuRayNi9YBZwv2IDpUIBaNorXZPBpqycb9ccav uvMiq8HJRgbwa/fJ3bxCzNOIKmaTGdD03QX9CNQom+bTUSw 1P7MV0yLtWKhpx40/mz52SM+sMSBhrexSSuft7YkIjY7IosJ 0RxZFZzmbmv1kyyoxgZmk9htf+RKgkRa7YYnuYSoIxmQEhA6 E5Q5lZQZkW9gOEjailghZbyZLxljmsilat6l1Ua/eXlfpNz qgIJ3AK5+DBFdThDhrQBAZjeIYXeHWenDfn3flYtBacfOYY/ pTz+QOGApiH</latexit>
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ρ
χ′1
χ′2
(t0),
(13)
where we have evaluated the trace of the system’s de-
grees of freedom over |χ′2〉 and inserted 1 =
∑
χ′1
|χ′1〉〈χ′1|
right behind ρ0 to obtain ρχ
′
1
χ′2
(t0) = 〈χ′1|ρ0|χ′2〉. In Eq.
(13), the Keldysh time increases anticlockwise from
t1 at the upper right corner to t2m at the lower right
corner of the contour, whereas the real time simply
increases from right t0 to left t. The vertices (green dots)
represent the operators c†σ and cσ and the tunneling
lines (red dashed lines) diagrammatically represent the
contractions of the lead electron operators a†k,σ and ak,σ
and they indicate that an electron is entering (pointing
towards the contour) or leaving (pointing away from the
contour) the system. The contour line itself indicates
the present state of the system. Note, that we have
to consider only even orders 2m since, according to
Wick’s theorem, contractions with an odd number of
lead electron operators vanish. For the same reason, the
numbers of creation and annihilation operators have to
be equal.
We can formally abbreviate Eq. (13) as
ρχ1χ2(t) =
∑
χ′1,χ
′
2
Πχ1χ
′
1
χ2χ′2
(t, t0)ρχ
′
1
χ′2
(t0)
⇔ ρ(t) = Π(t, t0)ρ(t0), (14)
where in the second line we recast the formula into
5an equation with supervectors ρ(t) and superopera-
tors Π(t, t0) defined in Liouville space by employing
the Hilbert-Schmidt scalar product (A,B) = tr[A†B]
for linear operators A and B. Explicitly, we used
the connection ρχ1χ2 = (|χ1〉〈χ2| , ρ) and Π
χ1χ
′
1
χ2χ′2
=
(|χ1〉〈χ2| ,Π |χ′1〉〈χ′2|) to arrive at an equation free of in-
dices. The superoperator Π(t, t0) is a propagator and
describes the time evolution of the reduced density ma-
trix from t0 to t. It fulfills a Dyson equation of the form
Π(t, t′) =Π(0)(t, t′)+
t∫
t′
dt2
t2∫
t′
dt1Π(t, t2)W(t2, t1)Π(0)(t1, t′), (15)
where Π(0)(t′, t) = eL0(t−t′) with L0 = −i[HS, ·] describes
the free propagation without any tunneling andW(t2, t1)
is the irreducible self-energy, defined as the sum of all
topologically inequivalent diagrams that cannot be cut
vertically into smaller diagrams. In Eq. (13), the ir-
reducible diagrams are highlighted with a yellow back-
ground. To calculate the irreducible diagrams in every
order 2m, which give rise to the components ofW(t2, t1),
we simply have to follow the diagrammatic rules:
1. Draw all topological inequivalent diagrams with m
directed tunneling lines that connect pairwise all
2m vertices.
2. Every vertex where the tunneling line points to-
wards (away from) the contour corresponds to
a transition matrix element 〈χ|c†σ|χ′〉 ( 〈χ|cσ|χ′〉)
with |χ′〉 being the state prior to |χ〉 with respect
to the Keldysh time.
3. Every directed tunneling line pointing from t′ to t >
t′ induces a factor (−i)Γσ(ω)fα(ω)e−iω(t−t′)/(2pi)
with α = ± for tunneling lines aligned with (−) or
against (+) the Keldysh contour.
4. Each free propagating segment on the Keldysh con-
tour with state |χ〉 between t′ and t > t′ implies a
factor e−iEχ(t−t′) on the upper and eiEχ(t−t′) on the
lower contour.
5. Add a factor (−1)a with a being the number of
crossings of tunneling lines (manifestation of the
Pauli exclusion principle).
6. Integrate over intermediate times (respecting the
ordering) and sum over lead degrees of freedom (en-
ergy ω and spin σ).
To formulate the rules, it was beneficial — since the
bath is macroscopic — to switch from the orbital
degree of freedom k to energy ω by replacing for-
mally 2pi
∑
k |tk,σ|2 →
∫∞
−∞ dω Γσ(ω) and thereby in-
troducing the tunnel-coupling strength as Γσ(ω) :=
2pi
∑
k |tk,σ|2δ(ω − εk,σ) which conveniently serves as a
parameter denoting the order m in perturbation theory
O(Γm).
Now, we have all ingredients to write down a generalized
master equation for ρ(t). By differentiating Eq. (14) and
inserting the propagator of Eq. (15) we arrive finally at
a formally exact kinetic equation for the reduced density
matrix
ρ˙(t) = −i [HS, ρ(t)] +
t∫
t0
dt′W(t−t′)ρ(t′) , (16)
where the irreducible self-energy takes the role of a tran-
sition matrix in Liouville space. Note that due to trans-
lational invariance in time we have W(t, t′) =W(t− t′).
So far, the equation is formally still exact if all (infinitely
many) irreducible diagrams are included. However, to
arrive at a Markovian Lindblad equation, several approx-
imations are necessary27, which will be discussed in the
next section.
IV. FROM DIAGRAMMATICS TO LINDBLAD
To cast the exact kinetic equation (16) into the Lind-
blad form we will employ several approximations on
W(t−t′). As first, we will only be interested in a weak
coupling between system and bath. Therefore, perturba-
tion theory to leading order O(Γ) is sufficient for our de-
scription and we writeW(t−t′) ≈ W(1)(t−t′). The index
(1) denotes that only irreducible diagrams with one tun-
neling line are considered (three examples are indicated
with a yellow background in Eq. (13)). To obtain a time-
local master equation, we replace ρ(t′) in the integral of
Eq. (16) such that ρ(t′) = Π(t′, t)ρ(t) ≈ eL0(t′−t)ρ(t),
which is a consistent approximation in the leading-order
perturbation expansion. Moreover, we assume that the
irreducible diagrams of W(1)(t − t′) are sufficiently lo-
calized in time, which means they vanish fast enough as
their width t− t′ increases. Then, we can send t0 → −∞
in the integral of Eq. (13), which effectively brings us to
the Markovian limit. We define the time-independent
transition matrix WM = ∫∞0 dτW(1)(τ)e−L0τ , where
M denotes the Markov assumption. (At this point
the master equation is identical to the Bloch-Redfield
equation48–50.) From now on, we assume that WM is
purely real and, thereby, disregard renormalization ef-
fects. (We comment on the relevance of renormalization
for our system in the appendix A). This corresponds to
setting H˜S = HS in Eq. (3).
At this stage, the Markovian master equation is gen-
erally not yet in the Lindblad form and, thus, does not
guarantee positivity for all density matrices ρ(t) evolving
according to it. To see this, we group the components of
WM as (WM)χ1χ′1
χ2χ′2
=
∑
α,σ
(WM,ασ )χ1χ′1χ2χ′2 , (17)
i.e., we split the processes according to the spin σ =↑, ↓
and the direction of the tunneling line (either directed
6with (α = −) or against (α = +) rising Keldysh time). For those directed against the Keldysh contour, we find
in total four irreducible diagrams
(WM,+σ )χ1χ′1χ2χ′2 =
∞∫
0
dτ ei(Eχ′1−Eχ′2 )τ +
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<latexit sha1_base64="IC9ga3Fnxw1mvrIqsWeABqlYUqk=">AAACCXicbVDLSsNAFL3xWeur6tJNsAiuS lIFXRbduKxgH9CEMJlOmqEzkzgzEULoF/gBbvUT3Ilbv8Iv8Dectllo64ELh3Pu5d57wpRRpR3ny1pZXVvf2KxsVbd3dvf2aweHXZVkEpMOTlgi+yFShFFBOppqRvqpJIiHjPTC8c3U7z0SqWgi7nWeEp+jkaARxUgbyfdUxo PCwzENxpOgVncazgz2MnFLUocS7aD27Q0TnHEiNGZIqYHrpNovkNQUMzKpepkiKcJjNCIDQwXiRPnF7OiJfWqUoR0l0pTQ9kz9PVEgrlTOQ9PJkY7VojcV//XSOFcUq4X1OrryCyrSTBOB59ujjNk6saex2EMqCdYsNwRhSc0 DNo6RRFib8KomGXcxh2XSbTbc80bz7qLeui4zqsAxnMAZuHAJLbiFNnQAwwM8wwu8Wk/Wm/VufcxbV6xy5gj+wPr8AZ+Zm1o=</latexit>
t
<latexit sha1_base64="Ua05HVn/ysu6XD4 7wzk5end7pvE=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoN4CXjwmYB6QLGF2MpsMm Z1dZnqFJQQ/wKt+gjfx6rf4Bf6Gk2QPmljQUFR1090VJFIYdN0vp7C2vrG5Vdwu7ezu7R+UD 49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px3cxvP3JtRKweMEu4H9GhEqFgFK3UwH654l bdOcgq8XJSgRz1fvm7N4hZGnGFTFJjup6boD+hGgWTfFrqpYYnlI3pkHctVTTixp/MD52SM6 sMSBhrWwrJXP09MaGRMVkU2M6I4sgsezPxXy8ZZUYws7Qewxt/IlSSIldssT1MJcGYzKIgA6E 5Q5lZQpkW9gHCRlRThjawkk3GW85hlbQuqt5l1W1cVWq3eUZFOIFTOAcPrqEG91CHJjDg8Aw v8Oo8OW/Ou/OxaC04+cwx/IHz+QPfJJXp</latexit>
t0
<latexit sha1_base64="QHrPaenmwvyladcUFNbEaCJUsZs=">AAAB/3icbVDLSgNBEOyNr xhfUY9eBoPgKeyqoN4CXjxGNA9IljA7mU2GzM4uM73CEnLwA7zqJ3gTr36KX+BvOEn2oIkFDUVVN91dQSKFQdf9cgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeS sY3Uz91iPXRsTqAbOE+xEdKBEKRtFK99hze+WKW3VnIMvEy0kFctR75e9uP2ZpxBUySY3peG6C/phqFEzySambGp5QNqID3rFU0Ygbfzw7dUJOrNInYaxtKSQz9ffEmEbGZFFgOyOKQ7PoTc V/vWSYGcHMwnoMr/yxUEmKXLH59jCVBGMyDYP0heYMZWYJZVrYBwgbUk0Z2shKNhlvMYdl0jyreudV9+6iUrvOMyrCERzDKXhwCTW4hTo0gMEAnuEFXp0n5815dz7mrQUnnzmEP3A+fwAO9Ja M</latexit>
[
<latexit s ha1_base64="Nzy0/C6 IlFsYvud/ex+x0pfdFN 4=">AAACA3icbZDLSgM xFIbP1Futt6pLN8EiuC ozVdBl0Y3LCvYC7VAya aYNzWSG5IwwlC59ALf6 CO7ErQ/iE/gapu0stPVA 4Of/z8lJviCRwqDrfjm FtfWNza3idmlnd2//oH x41DJxqhlvsljGuhNQw 6VQvIkCJe8kmtMokLwd jG9nefuRayNi9YBZwv2 IDpUIBaNorXZPBpqycb 9ccavuvMiq8HJRgbwa/ fJ3bxCzNOIKmaTGdD03 QX9CNQom+bTUSw1P7MV 0yLtWKhpx40/mz52SM+ sMSBhrexSSuft7YkIjY 7IosJ0RxZFZzmbmv1ky yoxgZmk9htf+RKgkRa7 YYnuYSoIxmQEhA6E5Q5l ZQZkW9gOEjailghZbyZ Lxljmsilat6l1Ua/eXl fpNzqgIJ3AK5+DBFdTh DhrQBAZjeIYXeHWenDf n3flYtBacfOYY/pTz+Q OGApiH</latexit>
]
<latexit sha1_base64 ="112+12iRk2iWRbvsWbXJhvw+Wg8=">AAACA3 icbZDLSgMxFIbP1Futt6pLN8EiuCozVdBl0Y3L CvYC7VAyaaYNzWSG5IwwlC59ALf6CO7ErQ/iE/ gapu0stPVA4Of/z8lJviCRwqDrfjmFtfWNza3i dmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe 8kmtMokLwdjG9nefuRayNi9YBZwv2IDpUIBaNo rXZPB5qycb9ccavuvMiq8HJRgbwa/fJ3bxCzNOI KmaTGdD03QX9CNQom+bTUSw1P7MV0yLtWKhpx4 0/mz52SM+sMSBhrexSSuft7YkIjY7IosJ0RxZF Zzmbmv1kyyoxgZmk9htf+RKgkRa7YYnuYSoIxm QEhA6E5Q5lZQZkW9gOEjailghZbyZLxljmsila t6l1Ua/eXlfpNzqgIJ3AK5+DBFdThDhrQBAZje IYXeHWenDfn3flYtBacfOYY/pTz+QOPtpiN</l atexit>
t2
<latexit sha1_base64="JcON4lQFFxggeEc0/5VRQunsBcc=">AAAB/3icbVDLSgNBEOz1G eMr6tHLYBA8hd0oqLeAF48RzQOSJcxOJsmQ2dllpldYlhz8AK/6Cd7Eq5/iF/gbTpI9aGJBQ1HVTXdXEEth0HW/nJXVtfWNzcJWcXtnd2+/dHDYNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvB WMb6Z+65FrIyL1gGnM/ZAOlRgIRtFK99ir9kplt+LOQJaJl5My5Kj3St/dfsSSkCtkkhrT8dwY/YxqFEzySbGbGB5TNqZD3rFU0ZAbP5udOiGnVumTQaRtKSQz9fdERkNj0jCwnSHFkVn0pu K/XjxKjWBmYT0OrvxMqDhBrth8+yCRBCMyDYP0heYMZWoJZVrYBwgbUU0Z2siKNhlvMYdl0qxWvPOKe3dRrl3nGRXgGE7gDDy4hBrcQh0awGAIz/ACr86T8+a8Ox/z1hUnnzmCP3A+fwASJpa O</latexit>
t1
<latexit sha1_base64="3IYu5zlklAm4P1LvhL+9fXGFTCY=">AAAB/3icbVDLSgNBEOyNr xhfUY9eBoPgKeyqoN4CXjxGNA9IljA7mU2GzM4uM73CEnLwA7zqJ3gTr36KX+BvOEn2oIkFDUVVN91dQSKFQdf9cgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeS sY3Uz91iPXRsTqAbOE+xEdKBEKRtFK99jzeuWKW3VnIMvEy0kFctR75e9uP2ZpxBUySY3peG6C/phqFEzySambGp5QNqID3rFU0Ygbfzw7dUJOrNInYaxtKSQz9ffEmEbGZFFgOyOKQ7PoTc V/vWSYGcHMwnoMr/yxUEmKXLH59jCVBGMyDYP0heYMZWYJZVrYBwgbUk0Z2shKNhlvMYdl0jyreudV9+6iUrvOMyrCERzDKXhwCTW4hTo0gMEAnuEFXp0n5815dz7mrQUnnzmEP3A+fwAQjZa N</latexit>
...
<latexit sha1_base64="4GlEC+IPxWo2hkSD7+C0qIK/SJA=">AAAB/3icbVDLSsNAFL2pr 1pfVZduBovgKiQqqLuCG5cV7QPaUCbTSTt0ZhJmJkIIXfgBbvUT3IlbP8Uv8Dectllo64ELh3Pu5d57woQzbTzvyymtrK6tb5Q3K1vbO7t71f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTt vh+Gbqtx+p0iyWDyZLaCDwULKIEWysdO+6br9a81xvBrRM/ILUoECjX/3uDWKSCioN4Vjrru8lJsixMoxwOqn0Uk0TTMZ4SLuWSiyoDvLZqRN0YpUBimJlSxo0U39P5FhonYnQdgpsRnrRm4 r/esko04zohfUmugpyJpPUUEnm26OUIxOjaRhowBQlhmeWYKKYfQCREVaYGBtZxSbjL+awTFpnrn/uencXtfp1kVEZjuAYTsGHS6jDLTSgCQSG8Awv8Oo8OW/Ou/Mxby05xcwh/IHz+QNM15Y T</latexit>
...
<latexit sha1_base64="4GlEC+IPxWo2hkSD7+C0qIK/SJA=">AAAB/3icbVDLSsNAFL2pr 1pfVZduBovgKiQqqLuCG5cV7QPaUCbTSTt0ZhJmJkIIXfgBbvUT3IlbP8Uv8Dectllo64ELh3Pu5d57woQzbTzvyymtrK6tb5Q3K1vbO7t71f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTt vh+Gbqtx+p0iyWDyZLaCDwULKIEWysdO+6br9a81xvBrRM/ILUoECjX/3uDWKSCioN4Vjrru8lJsixMoxwOqn0Uk0TTMZ4SLuWSiyoDvLZqRN0YpUBimJlSxo0U39P5FhonYnQdgpsRnrRm4 r/esko04zohfUmugpyJpPUUEnm26OUIxOjaRhowBQlhmeWYKKYfQCREVaYGBtZxSbjL+awTFpnrn/uencXtfp1kVEZjuAYTsGHS6jDLTSgCQSG8Awv8Oo8OW/Ou/Mxby05xcwh/IHz+QNM15Y T</latexit>tk
<latexit sha1_base64="UDbY+d4z1H50EHDMbILG773NVwk=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqo DcDXjxGNA9IljA7mU2GzM4uM71CWHLwA7zqJ3gTr36KX+BvOEn2oIkFDUVVN91dQSKFQdf9cgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7rE36pUrbtWdgSwTL ycVyFHvlb+7/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcV/vWQ4NoKZhfUYXvmZUEmKXLH59jCVBGMyDYP0heYM5dgSyrSwDxA2pJoytJGVbDLeYg7LpHlW9c6r7t 1FpXadZ1SEIziGU/DgEmpwC3VoAIMBPMMLvDpPzpvz7nzMWwtOPnMIf+B8/gBvBZbN</latexit>
...
<latexit sha1_base64="4GlEC+IPxWo2hkS D7+C0qIK/SJA=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgKiQqqLuCG5cV7QPaUCbTSTt0Z hJmJkIIXfgBbvUT3IlbP8Uv8Dectllo64ELh3Pu5d57woQzbTzvyymtrK6tb5Q3K1vbO7t71 f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Gbqtx+p0iyWDyZLaCDwULKIEWysdO+6br 9a81xvBrRM/ILUoECjX/3uDWKSCioN4Vjrru8lJsixMoxwOqn0Uk0TTMZ4SLuWSiyoDvLZqR N0YpUBimJlSxo0U39P5FhonYnQdgpsRnrRm4r/esko04zohfUmugpyJpPUUEnm26OUIxOjaRh owBQlhmeWYKKYfQCREVaYGBtZxSbjL+awTFpnrn/uencXtfp1kVEZjuAYTsGHS6jDLTSgCQS G8Awv8Oo8OW/Ou/Mxby05xcwh/IHz+QNM15YT</latexit>
...
<latexit sha1_base64="4GlEC+IPxWo2hkSD7+C0qIK/SJA=">AAAB/3icbVDLSsNAFL2pr 1pfVZduBovgKiQqqLuCG5cV7QPaUCbTSTt0ZhJmJkIIXfgBbvUT3IlbP8Uv8Dectllo64ELh3Pu5d57woQzbTzvyymtrK6tb5Q3K1vbO7t71f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTt vh+Gbqtx+p0iyWDyZLaCDwULKIEWysdO+6br9a81xvBrRM/ILUoECjX/3uDWKSCioN4Vjrru8lJsixMoxwOqn0Uk0TTMZ4SLuWSiyoDvLZqRN0YpUBimJlSxo0U39P5FhonYnQdgpsRnrRm4 r/esko04zohfUmugpyJpPUUEnm26OUIxOjaRhowBQlhmeWYKKYfQCREVaYGBtZxSbjL+awTFpnrn/uencXtfp1kVEZjuAYTsGHS6jDLTSgCQSG8Awv8Oo8OW/Ou/Mxby05xcwh/IHz+QNM15Y T</latexit>tk+1
<latexit sha1_base64="B13VfqZxOCtL8y5VIaLQedSqLFE=">AA ACDHicbZDNSsNAFIVv/K31r+rSTbAIglASFXRZdOOygv2BNpTJdNIOmUzCzI0QQl9BcKuv4U7c+g6+hY/gtM3Ctl4Y+DjnXjhz/ERwjY7zb a2srq1vbJa2yts7u3v7lYPDlo5TRVmTxiJWHZ9oJrhkTeQoWCdRjES+YG0/vJv47SemNI/lI2YJ8yIylDzglKCR2tjPw3N33K9UnZozHXsZ 3AKqUEyjX/npDWKaRkwiFUTrrusk6OVEIaeCjcu9VLOE0JAMWdegJBHTXj6NO7ZPjTKwg1iZJ9Geqn8vchJpnUW+2YwIjvSiNxH/9ZJRpjn VxitoPgcGN17OZZIik3QWI0iFjbE9acYecMUoiswAoYqbn9h0RBShaPorm4rcxUKWoXVRcy9rzsNVtX5blFWCYziBM3DhGupwDw1oAoUQXu AV3qxn6936sD5nqytWcXMEc2N9/QKbHJvK</latexit>
| 01i
<latexit sha1_base64="NqQBHlVXfyK3lb8kIgMPpbd5RKE=">AAACGnicbZDNSsNAFIUn9a/Wv2iXboJFcFWSKuiy6MZl BdsKTQyT6U0zdJIMMxMhhL6J4FZfw524deNb+AhO2yxs64WBj3PuhTMn4IxKZdvfRmVtfWNzq7pd29nd2z8wD496Ms0EgS5JWSoeAiyB0QS6iioGD1wAjgMG/WB8M/X7TyAkTZN7lXPwYjxKaEgJVlryzbo7BlW4JKK+8+hyQWOY+GbDbtqzsVbBKaGByun 45o87TEkWQ6IIw1IOHJsrr8BCUcJgUnMzCRyTMR7BQGOCY5BeMQs/sU61MrTCVOiXKGum/r0ocCxlHgd6M8YqksveVPzX41EuKZHaK2kxhwqvvIImPFOQkHmMMGOWSq1pT9aQCiCK5RowEVT/xCIRFpgo3WZNV+QsF7IKvVbTOW+27i4a7euyrCo6RifoD DnoErXRLeqgLiIoRy/oFb0Zz8a78WF8zlcrRnlTRwtjfP0CNY2hcg==</latexit>
| 02i
<latexit sha1_base64="tIV2YGc5gnXSBxKYQb3p8ZJ5JCI=">AAACGnicbZDNSsNAFIUn9a/Wv2iXboJFcFWSKuiy6MZl BdsKTQyT6U0zdCYJMxMhhL6J4FZfw524deNb+AhO2yxs64WBj3PuhTMnSBmVyra/jcra+sbmVnW7trO7t39gHh71ZJIJAl2SsEQ8BFgCozF0FVUMHlIBmAcM+sH4Zur3n0BImsT3Kk/B43gU05ASrLTkm3V3DKpwSUT91qObCsph4psNu2nPxloFp4QGKqf jmz/uMCEZh1gRhqUcOHaqvAILRQmDSc3NJKSYjPEIBhpjzEF6xSz8xDrVytAKE6FfrKyZ+veiwFzKnAd6k2MVyWVvKv7rpVEuKZHaK2kxhwqvvILGaaYgJvMYYcYslVjTnqwhFUAUyzVgIqj+iUUiLDBRus2arshZLmQVeq2mc95s3V002tdlWVV0jE7QG XLQJWqjW9RBXURQjl7QK3ozno1348P4nK9WjPKmjhbG+PoFNzehcw==</latexit>
h 2|
<latexit sha1_base64="CaCTZyxamE85MYcoRmhMFX/X aQE=">AAACEXicbZDNSgMxFIXv+FvrX9Wlm2ARXJWZKuiy6MZlBfsDnaFk0kwbmsmEJCMMQ59CcKuv4U7c+gS+hY9g 2s7Ctl4IfJxzL5ycUHKmjet+O2vrG5tb26Wd8u7e/sFh5ei4rZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSe qNEvEo8kkDWI8FCxiBBsr+X6ocO6TEevXJ/1K1a25s0Gr4BVQhWKa/cqPP0hIGlNhCMda9zxXmiDHyjDC6aTsp5pKT MZ4SHsWBY6pDvJZ5gk6t8oARYmyTxg0U/9e5DjWOotDuxljM9LL3lT815OjTDOirVfQYg4T3QQ5EzI1VJB5jCjlyCRo Wg8aMEWJ4ZkFTBSzP0FkhBUmxpZYthV5y4WsQrte8y5r9YerauO2KKsEp3AGF+DBNTTgHprQAgISXuAV3pxn5935cD 7nq2tOcXMCC+N8/QLSUJ4W</latexit>
h 1|
<latexit sha1_base64="SKVcxqYHSDmk1mvCE8TrpNPY PMo=">AAACEXicbZDNSgMxFIXv+FvrX9Wlm2ARXJWZKuiy6MZlBfsDnaFk0kwbmsmEJCMMQ59CcKuv4U7c+gS+hY9g 2s7Ctl4IfJxzL5ycUHKmjet+O2vrG5tb26Wd8u7e/sFh5ei4rZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSe qNEvEo8kkDWI8FCxiBBsr+X6ocO6TEet7k36l6tbc2aBV8AqoQjHNfuXHHyQkjakwhGOte54rTZBjZRjhdFL2U00lJ mM8pD2LAsdUB/ks8wSdW2WAokTZJwyaqX8vchxrncWh3YyxGellbyr+68lRphnR1itoMYeJboKcCZkaKsg8RpRyZBI0 rQcNmKLE8MwCJorZnyAywgoTY0ss24q85UJWoV2veZe1+sNVtXFblFWCUziDC/DgGhpwD01oAQEJL/AKb86z8+58OJ /z1TWnuDmBhXG+fgHQrZ4V</latexit>
t2m
<latexit sha1_base64="uQtP5PG42zW+X97fcK6XGKjI50M=">AAACAnicbVDLSgNBEOy NrxhfUY9eBoPgKexGQb0FvHiMYB6QLGF2MpuMmdldZnqFsOTmB3jVT/AmXv0Rv8DfcJLsQaMFDUVVN91dQSKFQdf9dAorq2vrG8XN0tb2zu5eef+gZeJUM95ksYx1J6CGSxHxJgqUvJNo TlUgeTsYX8/89gPXRsTRHU4S7is6jEQoGEUrtbCf1dS0X664VXcO8pd4OalAjka//NUbxCxVPEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsjqrjxs/m1U3JilQEJY20rQjJXf05kVBkzUY HtVBRHZtmbif96yWhiBDNL6zG89DMRJSnyiC22h6kkGJNZHmQgNGcoJ5ZQpoV9gLAR1ZShTa1kk/GWc/hLWrWqd1at3Z5X6ld5RkU4gmM4BQ8uoA430IAmMLiHJ3iGF+fReXXenPdFa8H JZw7hF5yPb8D9mBM=</latexit>
[
<latexit s ha1_base64="Nzy0/C6 IlFsYvud/ex+x0pfdFN 4=">AAACA3icbZDLSgM xFIbP1Futt6pLN8EiuC ozVdBl0Y3LCvYC7VAya aYNzWSG5IwwlC59ALf6 CO7ErQ/iE/gapu0stPVA 4Of/z8lJviCRwqDrfjm FtfWNza3idmlnd2//oH x41DJxqhlvsljGuhNQw 6VQvIkCJe8kmtMokLwd jG9nefuRayNi9YBZwv2 IDpUIBaNorXZPBpqycb 9ccavuvMiq8HJRgbwa/ fJ3bxCzNOIKmaTGdD03 QX9CNQom+bTUSw1P7MV 0yLtWKhpx40/mz52SM+ sMSBhrexSSuft7YkIjY 7IosJ0RxZFZzmbmv1ky yoxgZmk9htf+RKgkRa7 YYnuYSoIxmQEhA6E5Q5l ZQZkW9gOEjailghZbyZ Lxljmsilat6l1Ua/eXl fpNzqgIJ3AK5+DBFdTh DhrQBAZjeIYXeHWenDf n3flYtBacfOYY/pTz+Q OGApiH</latexit>
h 2|
<latexit sha1_base64="CaCTZyxamE85MYcoRmhMFX/X aQE=">AAACEXicbZDNSgMxFIXv+FvrX9Wlm2ARXJWZKuiy6MZlBfsDnaFk0kwbmsmEJCMMQ59CcKuv4U7c+gS+hY9g 2s7Ctl4IfJxzL5ycUHKmjet+O2vrG5tb26Wd8u7e/sFh5ei4rZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSe qNEvEo8kkDWI8FCxiBBsr+X6ocO6TEevXJ/1K1a25s0Gr4BVQhWKa/cqPP0hIGlNhCMda9zxXmiDHyjDC6aTsp5pKT MZ4SHsWBY6pDvJZ5gk6t8oARYmyTxg0U/9e5DjWOotDuxljM9LL3lT815OjTDOirVfQYg4T3QQ5EzI1VJB5jCjlyCRo Wg8aMEWJ4ZkFTBSzP0FkhBUmxpZYthV5y4WsQrte8y5r9YerauO2KKsEp3AGF+DBNTTgHprQAgISXuAV3pxn5935cD 7nq2tOcXMCC+N8/QLSUJ4W</latexit>
h 1|
<latexit sha1_base64="SKVcxqYHSDmk1mvCE8TrpNPY PMo=">AAACEXicbZDNSgMxFIXv+FvrX9Wlm2ARXJWZKuiy6MZlBfsDnaFk0kwbmsmEJCMMQ59CcKuv4U7c+gS+hY9g 2s7Ctl4IfJxzL5ycUHKmjet+O2vrG5tb26Wd8u7e/sFh5ei4rZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSe qNEvEo8kkDWI8FCxiBBsr+X6ocO6TEet7k36l6tbc2aBV8AqoQjHNfuXHHyQkjakwhGOte54rTZBjZRjhdFL2U00lJ mM8pD2LAsdUB/ks8wSdW2WAokTZJwyaqX8vchxrncWh3YyxGellbyr+68lRphnR1itoMYeJboKcCZkaKsg8RpRyZBI0 rQcNmKLE8MwCJorZnyAywgoTY0ss24q85UJWoV2veZe1+sNVtXFblFWCUziDC/DgGhpwD01oAQEJL/AKb86z8+58OJ /z1TWnuDmBhXG+fgHQrZ4V</latexit>
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=
(
|χ1〉〈χ2| ,
2∑
µ,ν=1
γ+µν
[
E+σ,µ |χ′1〉〈χ′2|E+†σ,ν −
1
2
{
E+†σ,νE
+
σ,µ, |χ′1〉〈χ′2|
}])
. (18)
Here, we applied the diagrammatic rules to bring the
equation into a form (second line) that formally looks
like the matrix elements of the dissipative part of the
Lindblad equation (2). The used basis ope ators E+σ,1 =
c†σ(1−nσ¯) and E+σ,2 = c†σnσ¯ describe the excitation of
the first (site is initially empty) and the second (site is
initially singly occupied) electron, respectively. After a
lengthy but straightforward calculation, one can identify
the first two diagrams with Lindblad terms of the form
E+σ,µρE
+†
σ,ν , the third one with ρE+†σ,νE+σ,µ and the last one
with E+†σ,νE+σ,µρ. The coefficients γ+µν can then be given
in the matrix form
(
γ+µν
)
= Γ
(
f+(ε) f+(ε)+f+(ε+U)2
f+(ε)+f+(ε+U)
2 f+(ε+U)
)
. (19)
For the evaluation of γ+µν , we made use of integrals of the
form
Re
 ∞∫
0
dτ
∞∫
−∞
dω
2pi fα(ω)e
±i(ω+∆E±i0+)τ
 = fα(∆E)2
(20)
for some energy difference ∆E, assumed the wide-band
limit Γσ(ω) = Γσ as well as spin-independent tunneling
rates Γσ = Γ. Analogously, we can write down the ma-
trix elements for tunneling lines that are directed with
(α = −) Keldysh time. Then, we arrive at a similar
expression with E−σ,µ = E+†σ,µ and coefficients γ−µν which
differ from γ+µν only by the exchange of f+ ↔ f−. The
master equation reads now
ρ˙(t) = −i [HS, ρ(t)] +∑
α,σ,µ,ν
γαµν
[
Eασ,µρ(t)Eα†σ,ν −
1
2
{
Eα†σ,νE
α
σ,µ, ρ(t)
}]
. (21)
As already stated, the complete positivity of the density
matrix is not guaranteed in this equation. This can easily
be checked by calculating the eigenvalues of γαµν ,
γα± = Γ
(
fα(ε) + fα(ε+U)
2 ±
√
f2α(ε) + f2α(ε+U)
2
)
.
(22)
This is a well known problem51–57. Here, we discuss two
different approaches to deal with it.
A. Secular approximation
The usual solution to guarantee positivity is provided
by the so-called secular approximation58–60
WS = lim
T→∞
1
2T
T∫
−T
dte−L0tWMeL0t, (23)
where e−L0tWMeL0t transforms the superoperator WM
into the interaction picture. That approximation gets
rid of all terms oscillating in the co-rotating reference
frame (non-secular terms) by performing a long-time av-
erage. In order to understand the consequences of the
approximation for the diagrams, we look at specific ma-
trix elements(WS)χ′1χ1
χ′2χ2
= tr
[
(|χ′1〉〈χ′2|)†WS |χ1〉〈χ2|
]
= lim
T→∞
1
2T
T∫
−T
dt tr
[
(e−iL0t |χ′1〉〈χ′2|)†WMe−iL0t |χ1〉〈χ2|
]
= δEχ1−Eχ2 ,Eχ′1−Eχ′2
(WM)χ′1χ1
χ′2χ2
. (24)
Hence, translated into the diagrammatic picture, all dia-
grams where the energy difference Eχ′1−Eχ′2 of the initial
states is different from the energy difference Eχ1−Eχ2 of
the final states are simply neglected. As a consequence,
the off-diagonal elements of the matrix γαµν are set to zero.
This brings γαµν into a diagonal and positive semidefinite
7form. The secular approximation leads to the following
two Lindblad operators
Lασ,1 =
√
fα(ε)cασ(1− nσ¯),
Lασ,2 =
√
fα(ε+ U)cασnσ¯. (25)
Note that we rescaled the Lindblad operators by the
square root of the Fermi function, which implies γαk = Γ.
Interestingly, in contrast to our phenomenological model,
we obtain two separate Lindblad operators with k = 1, 2
for each σ and α corresponding to the excitation of the
first and second electron, respectively. Inserting the
Lindblad operators into Eq. (3), we arrive at the mas-
ter equation in the secular approximation ρ˙ = LSρ. For
the limiting case T → 0 and ε < εF < ε + U , the Lind-
blad operators agree with the phenomenological results
of Eq. (5) since one of the two Lindblad operators is
always zero for a fixed α (the channels are open in only
one direction). We infer that the coupling parameters are
γ+cold = γ
−
cold = Γ and, thus, they are equal for the in- and
outgoing electrons. (Strictly speaking, this is only true
for one and the same excitation energy. However, within
the wide-band limit where Γ is energy independent, it is
generally true.) Inspecting also the limit of a hot bath
T → ∞, the Lindblad operators remain occupation de-
pendent and, thus, deviate from our model of Eq. (4).
To resolve the question of which is the better choice for
T → ∞, we discuss in the next section an alternative
to the secular approximation. Although the secular ap-
proximation explicitly guarantees positivity, it is a rather
drastic approximation since it neglects some diagrams in-
volving coherences and, therefore, leads in certain cases
to unphysical consequences, as discussed in Refs. 52 and
61.
B. Coherent approximation
In order to overcome the above mentioned difficulties,
we propose a less radical approximation. Instead of ne-
glecting the arithmetic mean in the off-diagonal elements
of γαµν , we replace them by the geometric mean
Γ fα(ε) + fα(ε+U)2 ≈ Γ
√
fα(ε)fα(ε+U). (26)
Due to this replacement, the negative eigenvalue γα− is
shifted to zero (cf. Eq. (22)), i.e., positivity is reestab-
lished in a minimal invasive way. By performing a unitary
transformation to diagonalize γαµν and rescaling the Lind-
blad operators, we arrive at only one relevant Lindblad
operator for each σ and α
Lασ = Lασ,1 + Lασ,2
=
√
fα(ε)cασ(1− nσ¯) +
√
fα(ε+ U)cασnσ¯, (27)
with a rescaled γα = Γ. The resulting master equation
will be abbreviated as ρ˙ = LCρ denoting the coherent
approximation. In a sense, this approximation leads to
a coherent combination of the two individual Lindblad
operators from Eq. (25) that describe separately excita-
tions of the first (Lασ,1) and the second (Lασ,2) electron.
Put differently, whereas in the secular approximation we
deal with an incoherent sum of those two processes, the
coherent approximation generates a single coherent exci-
tation. Interestingly, the coherent approximation agrees
with both our expectations for a hot bath (cf. Eq. (4))
and for a cold bath (cf. Eq. (5)). For the former case, we
can infer that the coupling parameters are γαhot = Γ/2,
again independent of the direction α = ±. Moreover, it
turns out that the finite-temperature Lindblad operator
from Eq. (27) can indeed be rewritten as an interpolation
between the hot and cold limits and by comparison with
Eq. (6) we find g±(T ) = ±
[√
f±(ε)−
√
f±(ε+ U)
]
as
well as h+(T ) =
√
f+(ε+ U) and h−(T ) =
√
f−(ε) sat-
isfying gα(T → ∞) = 0 and hα(T → 0) = 0. However,
since the approximation of Eq. (26) is a rather ad-hoc re-
placement, we check, in the next step, whether the coher-
ent approximation is physical and leads to better results
than the secular approximation. Note that our coherent
approximation is in accordance with a phenomenologi-
cal approach proposed in Ref. 62 which was discussed
further in Ref. 63.
C. Secular vs. coherent approximation
We saw that in the limit T → 0, the coherent
approximation and the secular approximation coincide
LC = LS because the off–diagonal elements γα12 = γα21 =
Γ
√
fα(ε)fα(ε+U) vanish. For finite temperatures T > 0,
however, the two approximations differ from each other.
In the case T → ∞, we expect that the Markovian as-
sumption (on the level of Eq. (19)) is still exact, because
the bath correlation function ∝ Γfα = Γ/2 is constant
in frequency and thus delta peaked in the time domain.
Interestingly, the coherent approximation coincides with
the Markovian limit for T → ∞ since both, the arith-
metic and the geometric mean give rise to identical off–
diagonal elements γα12 = γα21 = Γ/2 (cf. Eq. (26)). In
contrast, the secular approximation sets the off-diagonal
elements to zero. Thus, we expect that for high temper-
atures, the coherent approximation gives more reliable
results. Furthermore, one major drawback of the secu-
lar approximation is the discontinuity when differences in
the excitation energies reach zero (cf. Kronecker delta in
Eq. (24)), meaning that the terms are kept for vanishing
differences while they are omitted for small differences.
For the coherent approximation of Eq. (26), on the other
hand, we find that up to the first order in U (the only
appearing difference in excitation energies) the geomet-
ric and the arithmetic means are equivalent. Hence, for
vanishing differences the terms are unchanged (as in the
secular limit), but they are also kept for finite differences,
leading to a continuous transition instead of an abrupt
8change. Moreover, considering the particle-hole symmet-
ric case where the excitation energies ε and ε + U are
centered symmetrically around the Fermi energy εF, the
geometric mean
√
fα(ε)fα(ε+U) vanishes exponentially
with U  kBT . Thus, in the limit U →∞ the coherent
and the secular approximation coincide.
Next, we would like to discuss whether the differences
in the approximations are essential for the dynamics. The
difference in the resulting master equations has the form(LC − LS) ρ = Γ∑
α,σ
√
fα(ε)fα(ε+ U)Eασ,1ρE
α†
σ,2 + h.c. .
(28)
It turns out that for a single–site Hubbard model, the
only appearing difference can be located in transitions
between the coherences |0〉〈σ| ↔ |σ¯〉〈↑↓|. But such coher-
ences between states with different Fermion parity are ir-
relevant for any measurable quantity, see fermion-parity
superselection postulate in Refs. 64 and 65. However, for
a Hubbard model with two sites, the situation is already
different because there the transitions between the coher-
ences |0, ↑↓〉〈σ, σ¯| ↔ |σ¯, ↑↓〉〈↑↓, σ¯| become relevant. This
motivates us to look closer at the dynamics of a Hubbard
dimer (see next chapter).
To conclude, we claim that the coherent approximation
of Eq. (26) is physically justified and less radical than
the secular approximation. It coincides, on the one hand,
with the secular approximation for T → 0 or U  kBT
and, on the other hand, with the Markovian limit for
T →∞. Most importantly, it also guarantees positivity.
Finally, although we discussed the coupling to the bath
only for a single site, we can simply promote the Lindblad
operators with a site index Lασ → Lαm,σ to describe a
system where every site m is coupled individually to its
own bath. This is reasonable as long as we are in the
limit of a weak hopping J ∼ Γ such that the corrections
to the excitation energies ε and ε+U are negligible within
the leading order perturbation theory in Γ.
V. DYNAMICS OF OBSERVABLES
Having established the Lindblad master equation ρ˙ =
Lρ, with either the coherent L = LC or the secular L =
LS approximation, for the Hubbard model of Eq. (1)
with local baths coupled to every site, we can formally
solve it by ρ(t) = eLtρ0 with some initial density matrix
ρ0. To study also time-dependent observables O(t), it is
useful to work in the Heisenberg picture by employing
the super-adjoint Lindblad equation
O˙(t) = L†O = i [HS, O]
+ Γ
∑
m,α,σ,k
[
Lα†m,σ,k OL
α
m,σ,k −
1
2{L
α†
m,σ,k L
α
m,σ,k, O}
]
,
(29)
where the index k disappears for the coherent approxi-
mation and runs over k = 1, 2 for the secular approxi-
mation (cf. Eq. (27) and Eq. (25)). For some special
observables such as the z-component of the total spin
Sz(t) =
∑
m(nm,↑−nm,↓)/2 or the total occupation num-
ber N(t) =
∑
m,σ nm,σ, the super–adjoint Lindblad Eq.
(29) simplifies to a closed ordinary differential equation.
We find (in agreement with Ref. 66) for the total spin Sz
S˙z(t) = λSzSz(t), (30)
with λSz = −Γ [1 + f(ε+ U)− f(ε)] and for the total
occupation number
N˙(t) = λN [N(t)−N(∞)] , (31)
where λN = −Γ [1− f(ε+ U) + f(ε)] and N(∞) =
−2nsf(ε)Γ/λN with ns being the number of sites.
Note that the results are independent of the used ap-
proximation because
(LC − LS)†O(t) = 0 for both
O(t) = Sz(t) and O(t) = N(t). Both equations
have exponentially decaying solutions, O(t) = O(∞) +
[O(0)−O(∞)] eλ t with the exponents given by λSz and
λN , respectively, and the asymptotic values O(∞) be-
ing zero for the spin and N(∞) for the occupation num-
ber. In Fig. 2, the relaxation rates λN and λSz are
shown as functions of inverse temperature (kBT )−1 for
the particle-hole symmetric case ε−εF = −U/2. We
find, for U  kBT , that the rates can be approxi-
mated as λN ≈ −2 Γ {1− exp [−U/(2kBT )]} and λSz =
−2 Γ exp [−U/(2kBT )] which exponentially approach the
constant values −2 Γ and 0 Γ, respectively. For the lim-
Figure 2: Relaxation rates λN and λSz of the total occupation
number N (green solid line) and the total spin z-component Sz
(black solid line), respectively, as function of inverse temperature
(kBT )−1. The gray dashed lines indicate the asymptotic values for
the limiting cases T → 0 and T →∞. The parameters are chosen
for the particle-hole symmetric case ε−εF = −U/2 with U = 10Γ.
iting cases T → 0 and T → ∞ with ε < εF < ε + U we
summarize
T →∞ T → 0
λSz −Γ 0
λN −Γ −2Γ
T →∞ T → 0
Sz(∞) 0 Sz(0)
N(∞) ns ns
(32)
It is interesting to observe that with decreasing bath tem-
perature the relaxation of the total spin with rate λSz
9becomes slower until a total freeze at T → 0 while the
relaxation of the occupation number with rate λN be-
comes faster at lower temperatures, cf. Fig. 2. This
is an interaction effect and can be explained by the in-
creasing asymmetry between the bath occupations at dif-
ferent energies, f(ε) and f(ε + U), which at lower tem-
peratures increase the couplings for the asymmetric uni–
directional processes double occupation → single occu-
pation and empty site → single occupation, leading to a
faster approach to the one–electron–per–site equilibrium.
On the other hand, for the spin relaxation a multiple ex-
change of electrons between the sites and the baths is
needed since in leading order in Γ a direct spin relaxation
is suppressed67. So when the electron transfer saturates
quickly (for low temperatures) the spin decay proceeds
very slowly.
In general, the observables can couple with each other
and form a reduced subsystem {O1, O2, ...} giving rise to
more intricate relaxation dynamics. However, since the
only possible relaxation rates are the eigenvalues λj of
L, it is useful to perform a spectral decomposition of the
expectation values
〈O〉 (t) = (O, ρ(t)) =
∑
j
eλjt(O, rj)(lj , ρ0), (33)
with left and right eigenvectors of L defined via Lrj =
λjrj and L†lj = λj lj . They are orthogonal (li, rj) = δij
and fulfill the completeness relation
∑
j rj l
†
j = 1. More-
over, by choosing O = 1 it becomes apparent that rj with
λj 6= 0 must be traceless, tr(rj) = 0, and hence rj cor-
respond to either coherences or traceless combinations of
populations. So far, the results are valid for any realized
lattice with an arbitrary number of sites. However, to ob-
tain analytical results beyond the relaxation of Sz(t) and
N(t), we will next consider the Hubbard dimer which is
the smallest possible system where all energy scales, i.e.,
the inter-site tunneling amplitude J , the on-site Coulomb
interaction U , the system-bath tunnel-coupling strength
Γ and the temperature T of the baths, appear.
VI. HUBBARD DIMER
Below, we will be interested in the dynamics of the
Hubbard dimer, i.e. a two–site system with tunneling
HJ = −J
∑
σ c
†
1,σc2,σ + h.c. between the sites and on–
site interaction HU =
∑
m Unm,↓nm,↑ with U  Γ, J , as
introduced in Eq. (1). The system can be experimentally
realized as a double quantum dot coupled to (separate)
electronic leads68–70. First, we discuss the limit of hot
baths, T →∞, which is suited very well to compare the
secular with the coherent approximation. Then, we elab-
orate the limit of cold baths, T → 0, where both approx-
imations yield identical results. In this regime, we find
interaction-suppressed slow decay channels. At last, we
mention shortly the case of small but finite temperature.
A. Hot baths
For hot baths (formally at infinite temperature) the
stationary state of the system becomes fully mixed
ρst =
1
16
∑
χ1,χ2∈{0,↓,↑,↓↑}
|χ1, χ2〉〈χ1, χ2| , (34)
containing all possible occupations |χ1, χ2〉 at both sites
(first and second entry) coming with equal probabilities.
We find that thermalization and equilibration processes
take place on time scales of order Γ−1 and are deter-
mined essentially by the coupling to the baths. Recalling
Eq. (28), which describes differences between the secular
(LS) and the coherent (LC) approximation, we find for
the particle-hole symmetric case fα(ε + U) = 1 − fα(ε)
(shown in Fig. 1), that their difference scales with√
fα(ε)fα(ε+ U) = [2 cosh(βU/4)]−1. This expression
diminishes exponentially for high values of βU  1.
For high temperatures (small β) and moderate interac-
tions U , on the other hand, we should observe differ-
ences in the dynamics between the secular and the co-
herent approximation. In Fig. 3, we show the time-
dependent expectation values of the occupation number
operators n1 and n2 as functions of time. The system
is initially prepared in the state ρ0 = |↑↓, 0〉〈↑↓, 0| and
interacts with a hot bath (T → ∞) at each site. De-
spite a qualitative agreement, we can see some differ-
ences in the time evolution of n1 and n2. The differ-
ences originate in the processes involving the transitions
|↑↓, 0〉〈↑↓, 0| → |↑↓, 0〉〈σ¯, σ| → |↑↓, σ¯〉〈σ¯, ↑↓|. The first
step is due to a coherent evolution generated by HJ and
the second step corresponds to an electron entering from
the bath at site 2 with spin σ¯. While those processes
are completely neglected in the secular approximation,
which does not couple coherences with different ener-
gies (cf. Eq. (24)), the coherent approximation takes
them into account. Furthermore, if we look at the char-
acteristic energy decay E = 〈H〉 (and subtract the sta-
tionary value E(∞) = 2ε), we find different relaxation
rates for both approximations. For the secular approx-
imation, the energy relaxation goes simply with −2Γ,
whereas for the coherent approximation we find a decay
with −2Γ < ReλE < −Γ, for instance ReλE ≈ −1.15Γ
for U = 5Γ, J = 2Γ, nearly half as slow. The value can
be determined analytically as
λE = −2Γ+
1√
2
√
Γ2 − U2 − (4J)2+
√
[Γ2 − U2 − (4J)2]2 + 2(4J)2Γ2,
(35)
which has a non-vanishing oscillatory part ImλE as well
as a decaying part ReλE that gives −2Γ in the limit of
either U → ∞ or J → 0 and −Γ for U, J  Γ. Thus,
for the Hubbard dimer, there are qualitative differences
in the relaxation dynamics between the secular and the
coherent approximation.
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Figure 3: Differences between the secular (solid lines) and the
coherent approximation (dashed lines) for hot baths appear in (a)
the occupation numbers 〈nm〉 and (b) the energy E = 〈H〉. The
parameters are U = 5Γ, J = 2Γ and β → 0.
B. Cold baths
Next, we consider the case of cold baths (formally at
zero temperature) with ε < εF < ε+U where the coher-
ent and secular approximation coincide LS = LC = L.
Here, the stationary state ρst is not unique, but belongs
to a degenerate subspace spanned by the spin triplet
states
|T−〉 = |↓, ↓〉 , |T+〉 = |↑, ↑〉 , |T0〉 = 1√2(|↓, ↑〉+ |↑, ↓〉),
(36)
which fulfill HJ |Tl〉 = HU |Tl〉 = 0 and S2 |Tl〉 =
2 |Tl〉 with l = −, 0,+. We define the total spin as
S =
∑
m,σ,σ′ c
†
m,στσσ′cm,σ′/2 with Pauli matrices τ =
(τx, τy, τz) such that S(S + 1) are the eigenvalues of S2
with S = 1 for the triplets. The eigenvalue λ0 = 0 is nine-
fold degenerate and the stationary density matrix can be
constructed as
ρst =
∑
l,l′=−,0,+
αll′ |Tl〉〈Tl′ | , (37)
with αll′ ∈ C. Fulfillment of ρ† = ρ and tr ρ = 1 leaves 8
remaining parameters to determine ρst. They depend on
the initial state ρ0 and can be deduced from conserved
quantities of the system32 (e.g. the three spin compo-
nents Sx, Sy and Sz). Starting out-of equilibrium in ρ0,
once in contact with the cold baths, the system relaxes
quickly to a state in which each site is occupied by exactly
one electron, as can be seen from Eq. (31) for f(ε) = 1
and f(ε + U) = 0. For the spin z-component we find
S˙z = 0 and hence no relaxation at all.
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Figure 4: Real part of all relevant eigenvalues λj with j = 1, ..., 70
of L (only coherences between states of equal occupation are con-
sidered) for T → 0 are shown in (a) as function of U (for J = 2Γ)
and in (b) as function of J (for U = 10Γ). The three eigenval-
ues Reλ1 = Reλ∗1 and Reλ2 that reach asymptotically zero as
either J → 0 or U → ∞ are highlighted green. In (c) both real-
and imaginary part of the three slowest eigenvalues λ1, λ∗1 and λ2
(green, black and blue) as well as the stationary one λ0 = 0 (red)
are shown (for J = 2Γ) as U is increasing. The arrows indicate
increasing interaction from U = 0Γ to U = 20Γ.
However, the spectrum of the Liouville operator L
shown in Fig. 4a-b suggests a much richer relaxation
dynamics than that observed with Sz(t) and N(t). Be-
sides the relaxation scale of the order O(Γ), other, slower
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decay channels, suppressed for U  Γ, J , are visible in
the spectrum (highlighted with a green color). In par-
ticular, there are three eigenvalues λ1, λ∗1 and λ2 which
approach the stationary value λ0 = 0 as U increases, as
shown in Fig. 4c. To observe the consequences we discuss
an example.
Example 1. The system is initially prepared in the state
where a spin-↑ electron occupies one site ρ0 = |↑, 0〉〈↑, 0|
(with U = 5 Γ, J = 2 Γ). Such a state can be experimen-
tally prepared by means of a magnetic field that favors
the spin-↑ direction and by a specific tuning of the excita-
tion energies via gate voltages. By quickly resetting the
parameters, one can study the quench dynamics. In the
stationary limit, we observe a buildup of a mixed state
ρst =
7
12 |T+〉〈T+|+
1
12 |T−〉〈T−|+
1
3 |T0〉〈T0| , (38)
consisting of an asymmetric combination of the three
triplet states, cf. (36), ensuring that the total spin Sz
stays constantly 1/2 (up). The final state ρst is ap-
proached proportional to exp(λ1 t). In the beginning,
the spin–up electron oscillates coherently between the
left and right site at the frequency determined by 2J such
that the local occupation nm and the local spin Sz,m with
m = 1, 2 oscillate in antiphase (cf. Fig 5a-b). In addition,
due to coupling to the cold baths, the number asymmetry
∆N = n1−n2 decays (at a rate −2 Γ) to the state where
each site is occupied by exactly one electron — leading
to an end of the coherent oscillations. However, the spin
asymmetry ∆Sz = Sz,1−Sz,2 oscillates on a much longer
time scale (decay rate here Reλ1 ≈ −0.218 Γ) which can
be seen in Fig. 5b-c.
Slow relaxation. Whereas the particle number N(t)
shows a fast relaxation to the final stationary state on
the timescale of the coupling to the baths Γ−1, other
observables such as the spin asymmetry ∆Sz do also de-
cay but on a much slower time scale, see Fig. 5c. In
the following, we will discuss in detail the origin of this
slow decay. It turns out that the singlet state |S〉 be-
comes a natural candidate for being responsible for the
slow evolution as it can only decay via processes involv-
ing the double occupation of one site (suppressed by U)
and a successive exchange of electrons with the baths,
leading to a triplet state, a dead–end of the evolution.
At first sight, it is counter-intuitive that the singlet can
evolve into a state with double occupation since we are in
the regime of Coulomb blockade (ε+U > εF). However,
while bath-induced excitations are prohibited, a coher-
ent evolution by means of HJ can fulfill the task with-
out changing the energy of the system. Therefore, note
that the coherent tunneling changes the singlet state into
HJ |S〉 = −2J |DH〉 and vice versa HJ |DH〉 = −2J |S〉
with |DH〉 = (|↑↓, 0〉 + |0, ↑↓〉)/√2 being a symmetric
superposition of doublon-holon pairs. Thus, we expect
both of those states, |S〉 and |DH〉, as well as the triplet
states |Tl〉 to play an essential part in the slow decay
mechanisms. Indeed, we find that the slowest nonzero
eigenvalues λ1 and λ∗1 are both threefold degenerate and
Figure 5: (a)-(b) The local particle number 〈nm〉 and the local
spin-z component 〈Sz,m〉 for both sites m = 1, 2 show a combina-
tion of coherent oscillation and an exponential decay to a station-
ary solution, whereas the spin-z components decay much slower
than the occupation number. (c) Spin asymmetry 〈∆Sz〉 (green
solid line) shows clearly two time–scales: fast (with e−2Γt), due
to coupling to the baths (black dashed line), and slow (eλ1t with
Reλ1 ≈ −0.2185Γ), due to energetically suppressed decay channels
(blue dashed line). The combined asymptotics (gray line) fits well
as an envelope function. The parameters for (a)-(c) are U = 10Γ,
J = 2Γ and T → 0.
can be traced back to 2–dimensional subsystems of the
entire Liouvillian L
Lλ1 =
(
0 2iJ
2iJ −2Γ− iU
)
, Lλ∗1 =
(
0 2iJ
2iJ −2Γ + iU
)
,
(39)
with basis {|S〉〈Tl| , |DH〉〈Tl|} for Lλ1 and the hermitian
conjugate basis states {|Tl〉〈S| , |Tl〉〈DH|} for Lλ∗1 , sep-
arately for all triplet states l = −, 0,+. Interestingly,
the first diagonal element of the reduced Liouvillian is
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Figure 6: Slow decay mechanism (λ2): The dashed line indicates
coherent oscillations and the solid lines indicate a decay induced
by the baths. Only after a prior coherent evolution from |S〉 to
|DH〉 a decay into the odd parity state ρodd and then into the
triplet state ρT (a dead-end of the evolution) is possible. Partly
ρodd decays also back into the singlet state and thereby introduces
a cyclic path. The blue square stresses the responsible part for the
interaction-suppressed decay channel (also valid for the decay of
coherences |S〉〈Tl| with λ1).
zero which means that a decay of the coherence involv-
ing the singlet |S〉〈Tl| is only indirectly possible after a
prior coherent evolution to |DH〉〈Tl| (cf. dynamics inside
blue square of Fig. 6). Note that the coherence |DH〉〈Tl|
simply disappears and does not decay into anything else
since a probability conservation holds only for popula-
tions. From Lλ1 we can determine the smallest nonzero
eigenvalue and approximate it as
λ1 ≈ 4iJ
2
U
− 8J
2Γ
U2
, for U  Γ, J , (40)
where the real part of λ1 determines the decay rate
which decreases with increasing interaction U . The cor-
responding right eigenvectors are of the form r(l)1 ≈
|S + δDH〉〈Tl| with δ = λ1/(2iJ). For Lλ∗1 we sim-
ply have to take the hermitian conjugation of the re-
sults. We conclude that the coherences between the
singlet state |S〉 and the triplets states |Tl〉 decay with
λ1, the slower the stronger interaction U gets. More-
over, the coherence |S〉〈T0| occurs quite naturally, be-
cause |↑, ↓〉 = (|S〉 + |T0〉)/
√
2 (the same holds also for
|S〉〈T+| and |S〉〈T−| since the problem is symmetric in
spin). However, in order to detect the slow relaxation
rate λ1, we need an observable which is sensitive to ex-
actly those coherences, namely we want (O, r(l)1 ) 6= 0 (cf.
Eq. (33)). In the case of coherences between |S〉 and |T0〉
a natural observable detecting the slow relaxation, is the
spin asymmetry ∆Sz. Its scalar product (∆Sz, r(0)1 ) with
the discussed Liouville state r(0)1 is indeed nonzero. Ret-
rospectively, this explains the presence of a slow decay
and the separation of time scales in Fig. 5c. There are
also other, however less obvious observables, which can
detect the slowest decaying mode λ1, e.g. the spin cur-
rent or the antisymmetric exchange interaction — see
Tab. I.
The second slowest eigenvalue λ2 can also be derived
analytically. Here, the populations of the form |S〉〈S|,
|Tl〉〈Tl| , . . . play an important part in the dynamics. We
find that when the system starts in the singlet state ρ0 =
|S〉〈S|, its evolution stays trapped in a 6–dimensional sub-
system of L
Lλ2 =

0 −2iJ 2iJ 0 0 4Γ
−2iJ iU − 2Γ 0 2iJ 0 0
2iJ 0 −iU − 2Γ −2iJ 0 0
0 2iJ −2iJ −4Γ 0 0
0 0 0 0 0 4Γ
0 0 0 Γ/2 0 −2Γ

,
(41)
with basis {|S〉〈S| , |S〉〈DH| , |DH〉〈S| , |DH〉〈DH| , ρT , ρodd}.
Here, ρT = 1/3
∑
l |Tl〉〈Tl| is the totally mixed triplet
state and ρodd = 1/8
∑
odd |χ1, χ2〉〈χ1, χ2| is a complete
mixture of all states with an odd number of particles N
(meaning the occupation is either N = 1 for electrons
or N = 3 for holes). With Lλ2 , we can easily confirm
that Lλ2ρT = 0 is, indeed, a state within the stationary
subspace. Moreover, we again see that the first diagonal
element is zero which means that the singlet |S〉 has
no direct decay possibility. Only indirect relaxation is
possible via first a coherent evolution to |DH〉, then
tunneling to a mixed state with odd occupation number
ρodd and finally a decay into the stationary state ρT (cf.
Fig. 6). The smallest eigenvalue corresponds to λ2 and
can be approximated by
λ2 ≈ −12J
2Γ
U2
≈ 32 Re(λ1), for U  Γ, J. (42)
Thus, in the interesting regime of strong interactions
U  Γ, J , also this eigenvalue tends to zero. Again,
we ask the question which observables are able to detect
the slow relaxation rate λ2. An elegant way to answer
this question is to find a closed subsystem of observables
of the corresponding super-adjoint Liouvillian L†, such
that it also includes the slow eigenvalue λ2. It turns out
that one can find such a subsystem with 6 observables:
the isospin I (three components), the isospin squared I2,
the total real spin squared S2 and the Fermion parity
P = (−1)N . Whereas the latter two operators are well
known and measurable objects, the isospin I is simply
a convenient instrument helping to visualize the dynam-
ics of the two-state system spanned by |+〉 = |S〉 and
|−〉 = |DH〉. As usual, we define
I =
∑
a,b=+,−
τ ab
2 |a〉〈b| , and (43)
I2 = 34
(
|+〉〈+|+ |−〉〈−|
)
, (44)
with Pauli matrices τ = (τx, τy, τz). By comparing the
action of HJ |+〉 = −2J |−〉 and HJ |−〉 = −2J |+〉 to a
magnetic field in x-direction (τx) as well as HU |+〉 =
0 |+〉 and HU |−〉 = U |−〉 to a magnetic field in z-
direction (τz, up to a constant shift of −U/2), we can
map the problem within this subsystem to an isospin
precessing in a magnetic field HJ + HU = −I · B with
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B = (4J, 0, U). The resulting time evolution is given by
I˙ = I×B+O(Γ). Again, we discuss the dynamics with
the help of an example.
Figure 7: (a) Parity P = (−1)N , (b) spin squared S2 and (c)-
(d) isospin I, I2 as function of time starting from an initial state
ρ0 = |S〉〈S|. The blue dashed line is a decaying function of type
a + beλ2t. The parameters for (a)–(d) are U = 10Γ, J = 2Γ and
T → 0.
Example 2. The system is initially prepared in a singlet
state ρ0 = |S〉〈S|. In the stationary limit, we observe a
buildup of a mixed state
ρst =
1
3 |T+〉〈T+|+
1
3 |T−〉〈T−|+
1
3 |T0〉〈T0| , (45)
consisting of a symmetric combination of the three triplet
states, cf. (36), with equal probabilities 1/3. The final
state ρst is approached proportional to exp(λ2 t). In Fig.
7a-b, we show the expectation values of the parity oper-
ator P = (−1)N as well as the total spin squared S2 as
functions of time. The parity is initially +1 since there
is an even number of electrons in the system. However,
due to intermediate transitions to either electron or hole
states (included in ρodd) the parity first decreases towards
−1 and then finally reaches the stationary value +1 again
(due to ρT ). The spin squared S2 simply increases mono-
tonically from the initial value S(S + 1) = 0 (with S = 0
for the singlet) to the stationary value S(S + 1) = 2
(with S = 1 for the triplet). In both cases, we observe
an interaction (U) suppressed slow decay at the rate λ2
(dashed blue line). In Fig. 7c-d, we show the isospin I as
well as its absolute value I2 as functions of time. Since
the initial state is |S〉 = |+〉, the isospin points fully in
the z-direction having 〈Iz〉 = 1/2, 〈Ix〉 = 〈Iy〉 = 0 and〈
I2
〉
= 3/4. Due to the magnetic fieldB the isospin starts
to rotate around it. Note that since B is perpendicular to
the y-direction, the Iy isospin oscillates around zero. The
amplitude of the isospin then decays via the suppressed
relaxation channel with λ2 until finally all isospin com-
ponents 〈Ij〉 with j = x, y, z as well as
〈
I2
〉
reach zero.
We find, that all six operators follow the slow relaxation
rate λ2.
Further Observables
Below, in Tab. I, we give a list of further observables
and their decay rates and comment shortly on their
meaning.
Two decay rates, λ = λ0, λx, mean the observable
asymptotically approaches a constant (since λ0 = 0) at
the rate λx. Here, particle asymmetry ∆N and parti-
cle current IN = 2J
∑
σ(i c
†
1,σ c2,σ + h.c.) fulfill the con-
tinuity equation ∂t∆N = IN − 2Γ∆N , where the sec-
ond term describes loss terms due to the baths. Anal-
ogously, the spin asymmetry ∆Sz and the spin current
ISz = 2J
∑
σ(isσ c
†
1,σ c2,σ + h.c.), with sσ = +1/2,−1/2
for σ =↑, ↓, are related via ∂t∆Sz = ISz without a
loss term since the system-bath coupling is spin sym-
metric. Note also, that HJ and HU show separately a
slow decay with λ2, while the total energy E = 〈H〉 de-
cays fast with −2Γ to the stationary value 2ε. With
Sm =
∑
σ,σ′ c
†
m,στσσ′cm,σ′/2 being the local spin of site
m we find that an antisymmetric exchange interaction (of
the Dzyaloshinskii–Moriya type) with unit vector n = ez
can be rewritten as i/2 (|S〉〈T0| − |T0〉〈S|) and thus de-
cays with λ1. The symmetric exchange interaction (of
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Observable Definition Decay (eλt)
particle asymmetry ∆N λ = −2Γ
particle current IN λ = −2Γ
total energy HS λ = λ0,−2Γ
interaction HU λ = λ2
hopping HJ λ = λ2
spin asymmetry ∆Sz λ = λ1
spin current ISz λ = λ1
antisymmetric exchange n · (S1 × S2) λ = λ1
symmetric exchange 4S1 · S2 λ = λ0, λ2
total spin squared (S1 + S2)2 λ = λ0, λ2
parity P λ = λ0, λ2
isospin I λ = λ2
Table I: Further observables with their definitions and decay rates,
where λ0 = 0 indicates the approach to a constant value, while λ1
and λ2 are given by Eqs. (40) and (42), respectively.
the Heisenberg type), which corresponds to the term∑
l |Tl〉〈Tl| − 3 |S〉〈S|, approaches with rate λ2 asymptot-
ically a constant value of 1.
C. Small but finite temperature
A small but finite temperature T of the baths intro-
duces another ultra–slow decay time–scale into the sys-
tem. It is related to the decay of the total spin-z compo-
nent Sz whose relaxation rate is, as shown above, λSz ≈
−2 Γ exp[−U/(2kBT )] for U  kBT (in the particle-hole
symmetric case ε−εF = −U/2) and only zero in the limit
T → 0. For kBT  U the decay of the total spin-z com-
ponent is suppressed exponentially, whereas the decay via
the singlet → doublon-holon channel (with rates λ1, λ∗1
and λ2) is only suppressed algebraically in U . The origin
of this ultra-slow time scale is, however, as opposed to
the intricate relaxation mechanism of the singlet, rather
a thermal effect of an almost conserved quantity.
VII. CONCLUSIONS
We have studied relaxation dynamics for interacting
electrons in the Hubbard model when each Hubbard site
is individually coupled to a thermal bath of electrons.
To describe the coupling between system and bath we
used, on the one hand, a heuristic method where the an-
ticipated effects of the bath are taken into account in
form of Lindblad operators that are chosen by pure phe-
nomenological arguments. For a microscopic treatment
of the system-bath coupling, on the other hand, we em-
ployed the diagrammatic real-time approach. To inter-
twine both approaches, we brought the kinetic equation
derived from the microscopic theory into Lindblad form
by assuming the Markov limit in leading order pertur-
bation theory in the system-bath coupling and identify-
ing irreducible diagrams with corresponding terms in the
Lindblad equation. A subtle but important step was to
introduce the so-called coherent approximation. Similar
as the commonly-used secular approximation, the coher-
ent approximation guarantees positivity of the reduced
density matrix. The coherent approximation is less dras-
tic than the secular approximation since it does not com-
pletely neglect certain types of diagrams where the en-
ergy difference of the initial states is different from the
energy difference of the final states. We checked that the
coherent approximation leads to consistent and physical
results in a wide range of parameters.
The microscopic treatment of the system-bath cou-
pling allowed us to derive the proper forms of the Lind-
blad operators not only in the limits of hot or cold baths
but also for finite temperatures. We found that within
the coherent approximation, each process for changing
particle number and spin is modeled by one Lindblad
operator that combines the two available energy chan-
nels coherently, while the secular approximation treats
them incoherently with one Lindblad operator each.
For illustration, we explicitly studied the relaxation dy-
namics for a Hubbard dimer. Due to the coupling to ther-
mal baths, any initially prepared state eventually relaxes
to a stationary state that is either unique (finite and in-
finite temperature) or belongs to a decoherence-free sub-
space (zero temperature). However, similar to the find-
ings in Ref. 35, the interplay of electron-electron interac-
tion, coherent hopping between the sites and coupling to
the baths leads to several different time scales for how the
system approaches thermal equilibrium. In the limit of
low-temperature baths, there are three time scales. The
fastest timescale, τ1 ∼ 1/Γ, is related to a direct coupling
and decay of states due to exchange of electrons with the
baths. It is the predominant decay mechanism. The
slower timescale, τ2 ∼ (U/J)2/Γ, polynomial in U/J , is
due to decay processes, that are energetically suppressed
by the electron–electron interaction (Coulomb blockade)
and can be observed in the decay of the singlet state. The
ultra–slow timescale, τ3 ∼ exp[U/(2kBT )] exponential in
U/(kBT ), shows up for small temperatures of the baths
and is due to processes which are forbidden in the T → 0
limit, such as the spin relaxation.
We emphasize that the methods developed in this work
are not restricted to a Hubbard dimer. They provide
a procedure which can be straightforwardly applied to
larger Fermi-Hubbard systems, where every site is cou-
pled separately to a thermal bath, and, thereby facilitate
the analysis of non–equilibrium dynamics.
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Appendix A: Renormalization
The free propagating part −i [HS, ρ] = −i(HSρ−ρHS)
acts either to the left or to the right of the density matrix
ρ which corresponds to an action solely on the upper or
solely on the lower Keldysh contour, respectively. Thus,
diagrams connecting both contours cannot contribute to
a renormalization of HS. In leading order in Γ, only the
imaginary part of the latter two diagrams in Eq. (18),
which describe charge fluctuations separately on the up-
per and the lower contour, do renormalize the system
Hamiltonian. Since those diagrams are identified with
terms of the form ρEα†σ,νEασ,µ and Eα†σ,νEασ,µρ, which give
zero for µ 6= ν, we find after some algebra
H˜S = HS +
Γ
2pi
[
B(ε)
∑
α,σ
Eα†σ,1E
α
σ,1 +B(ε+ U)
∑
α,σ
Eα†σ,2E
α
σ,2
]
,
(A1)
which, up to an overall constant, shifts the single-electron
energy as ε→ ε+Γ/(2pi) [B(ε+ U)−B(ε)] (see also Ref.
71). Here, we employed the imaginary counter part of Eq.
(20)
Im
 ∞∫
0
dτ
∞∫
−∞
dω
2pi fα(ω)e
±i(ω+∆E±i0+)τ
 = ∓αB(∆E)2pi ,
(A2)
B(∆E) = Re Ψ
(
1
2 + i
∆E − εF
kBT
)
− log
(
W
2pikBT
)
,
(A3)
where Ψ is the digamma function and W a cutoff en-
ergy which was necessary to regularize the integral, but
does not influence the results. To conclude, for a Hub-
bard model where every site is coupled identically to its
own bath, renormalization merely shifts for every site the
single-electron energy ε by the same amount and thus
does not influence the dynamics qualitatively.
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